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Chapter 1

Introduction

Focal path guiding is a specialized method of ray tracing. Ray tracing is a
general term for computer graphics methods that use simulation of rays of light
to compute (photorealistic) images of an arti�cial scene. There are many di�erent
approaches to ray tracing. We will go over some of them in the following chapter. We
will start with the necessary theory to describe the distribution of light in the scene.
Then we will go over the methods, starting with the simple ones, then continuing to
more complicated ones, and �nally ending with the main focus of this thesis - focal
path guiding.

The distinguishing aspect of this method is its ability to recognize focal points.
Focal points are, in general, some small areas of space with high density of light
passing through them. Some examples of focal points are caustics or focal points
of lenses. This method is the �rst one that generalizes for handling of all possible
types of focal points. Up until now, there were only methods that specialize just for
a subset of them. This method is even capable of e�ectively rendering the famous
camera obscura scene (�gure 1.1).

Figure 1.1: Camera obscura scene comparison of multiple methods (Rath et al. 2023 [1]).

The main goal of this thesis is to re-implement the focal path guiding algorithm
from Rath et al. 2023 [1] in real-time rendering framework Falcor [2] from NVIDIA.
It will be described in the chapter 3. The hardest challenge is the transition from
their CPU implementation to the GPU implementation in Falcor shaders. Some
simpli�cations of the original algorithm must be made for this transition to be
possible.
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Chapter 2

Ray Tracing

Ray tracing, in general, is a simulation of interactions of rays of light with
some arti�cial scene. Speci�cally, this thesis concentrates on applications of ray
tracing in realistic image synthesis, but the concept of ray tracing is used in many
di�erent areas other than computer graphics such as, for example, estimation of
signal strength for wireless networks, ballistic analysis, or optical design of lenses.

Ray tracing in computer graphics is a somewhat inverse approach to rasteri-
zation. Rasterization projects every visible object in the scene onto the screen and
colors the associated pixels. On the other hand, ray tracing goes through every pixel
and computes its color based on intersections of shot rays with scene objects.

In most applications, we do speci�cally backward ray tracing, which means that
we are shooting rays of light from the viewer to the light sources. This may be a
little counterintuitive, because in reality it happens in the opposite direction. But
because we are only interested in light which hits the viewers eyes, it is more e�ective
to shoot rays from the eye, let it bounce in the scene until it hits some light source,
and then reconstruct the light contribution from this path as would happen in the
opposite direction.

In this chapter, we will �rst describe required theoretical light physics back-
ground - BRDF [3] and the rendering equation [4]. Then we will go through several
ray tracing methods. There are many ways to approach ray tracing. Some might be
targeting more for computational speed, others for quality, they can be biased/un-
biased, or specialized for some speci�c scene conditions or some speci�c light e�ects.
We will start by describing the basic path tracing method [4], which is a general
approach to solving the rendering equation and works as a foundation for other
methods that we will describe. After that, we will continue with ReSTIR [5], [6], [7],
which introduces a smart way of sampling to make path tracing more e�ective. In
the end, we will look at path guiding [8], [9] and its variant focal path guiding [1],
which is the main topic of this thesis.

3



4 Chapter 2. Ray Tracing

2.1 Physics background

To express the amount of light at some point in space and in some direction we
will use physical quantity radiance, mostly represented by the symbolL with unit
[Wm� 2sr � 1]. It basically means how many photons are emitted in some direction
in unit solid angle on unit area in one unit of time.

2.1.1 BRDF

Now we need to describe how the light interacts with some surface with some
kind of material. Basic light interactions with some material at some point in space
can be described with the relationship of incoming and outgoing radiance. The func-
tion describing this relationship is called the bidirectional re�ectance distribution
function (BRDF [3]) and looks like this:

f (! i ; x; ! o) =
dLo (x; ! o)
dE (x; ! i )

=
dLo (x; ! o)

L i (x; ! i ) cos� i d! i

Figure 2.1: BRDF terms visualized.

Where f is the BRDF, x is a point on the surface,! i and ! o are the incoming
and outgoing directions and� i is an angle between the incoming direction and the
surface normal. You can see these terms visualized on �gure 2.1. We can see that
it is simply the ratio of change in outgoing radianceLo and change in incoming
irradiance E. Irradiance is similar to radiance, but it's not dependent on the solid
angle (the unit is [Wm� 2]). Therefore, there is a relationship between radiance and
irradiance that we can use to obtain the �nal identity with only radiances. This
function could also be de�ned for each light wavelength separately, but in computer
graphics we typically reduce the problem to just RGB.

With the BRDF we can express many di�erent properties of the material, such
as the overall color by changing how much of the light is re�ected and how much is
absorbed for each color channel, or for example glossiness by increasing the re�ected
amount around the perfect re�ection direction. There are many illumination models
for describing the BRDF. One of the most basic ones is Phong's illumination model,
which divides the light into 2 components, di�use and specular. But there are more
complicated models such as Cook-Torrance or Ward.
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2.1.2 Re�ection Equation

Now that we have the description of interaction with the surface materials, it's
time to compute how much radiance we actually see when looking at some point
from some direction. From the BRDF formula, we can derive:

f (! i ; x; ! o) =
dLo (x; ! o)

L i (x; ! i ) cos� i d! i

dLo (x; ! o) = L i (x; ! i ) f (! i ; x; ! o) cos� i d! i

Lo (x; ! o) =
Z




L i (x; ! i ) f (! i ; x; ! o) cos� i d! i

In this way, we can obtain the total re�ected radiance by integrating over a
hemisphere
 of all input angles. Also, the material itself could emit some light, so
we will add the term Le and we will get the local re�ection equation:

Lo (x; ! o) = Le (x; ! o) +
Z




L i (x; ! i ) f (! i ; x; ! o) cos� i d! i

2.1.3 Rendering Equation

However, the previous equation describes only the local behavior of the light.
It ignores the fact that the light may bounce multiple times before reaching its
destination. So, we will introduce a functionr (x; ! i ) that returns the surface position
y from where the light comes. Now we can describe the input radiance as the output
radiance of the previous re�ection.

L i (x; ! i ) = Lo (y; � ! i ) = Lo (r (x; ! i ) ; � ! i )

By applying this to the local re�ection equation, we will �nally get the rendering
equation [4], which describes global light propagation in the scene. For simplicity,
we will replaceLo with just L.

L (x; ! o) = Le (x; ! o) +
Z




L (r (x; ! i ) ; � ! i ) f (! i ; x; ! o) cos� i d! i

We could use another form of this equation, which is more useful in some
scenarios. Instead of integrating over all directions on the hemisphere
 , we could
integrate over all surfaces in the sceneS. We achieve this by substituting d! =
dA cos �

r 2 .

L (x; ! o) = Le (x; ! o) +
Z

S

L (y; y ! x) f (x ! y; x; ! o) G (x; y) V (x; y) dA

Where y is the point from which the light comes,y ! x is a unit directional
vector from y to x, G (x; y) = cos � x cos � y

r 2 is the geometric term, which decreases the
incoming radiance by distancer and by cosines of angles to the surface normals,
V (x; y) is the visibility term, which is 1 when y is visible from x and 0 otherwise.
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2.2 Monte Carlo Integration

Now that we have the model for describing global illumination, it's time to
compute our radiance at some desired position and direction by solving the rendering
equation. But this is a very hard problem, the equation contains something like an
in�nite recursive integral. Even for very simple scenes, it is nearly impossible to
solve this problem analytically. So, we will have to solve it numerically, in this case
speci�cally by Monte Carlo integration [10].

First, we will show how to integrate locally with one bounce with di�erent
sampling methods. We will then extend it to paths with multiple bounces, and thus
using the path tracing algorithm.

2.2.1 Uniform Sampling

We will �rst simplify the rendering equation in the form with integral over
surfaces. We will drop the surface pointx and the viewing direction ! o (look at
them as inner parameters). We will denote the function inside the integral asl and
rename the pointy to s.

l (s) = L (s; s ! x) f (x ! s; x; ! o) G (x; s) V (x; s)

L =
Z

S

l (s) dA

Now we can approximate this integral by uniformly generatingN random sam-
pless1 : : : sN . And averaging their l function results:

hL i N
uniform =

1
N

NX

i =1

l (si )

This is the simplest Monte Carlo estimator. Increasing the number of samples
should increase the quality of the approximation. It works, but it converges to the
correct solution very slowly. Because we are sampling all the points with the same
uniform probability, we will generate many samples whose contribution to the result
is minimal (for example, points in the darker places in the scene).

2.2.2 Importance Sampling

To solve the problems of uniform sampling, we could sample the points with
di�erent probabilities p(si ) based on how important they are - how much they
contribute to the result (thus importance sampling). However, for the result to
remain unbiased (the average should converge to the integral), we need to weight
the results by 1=p(si ).

hL i N
is =

1
N

NX

i =1

l (si )
p(si )

In this way, the results of more probable samples will be decreased, and the
results of less probable samples will be increased, which balances the fact that more
probable samples will be generated more often.
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If the probabilities are chosen well, then we converge faster to better solutions.
The problem is that we do not know the actual underlying distribution. However,
we can use some pretty good estimates that somehow correlate with the results
of the l function. We could use BRDF sampling, which samples directions with
higher BRDF with higher probability (for example, sampling according to di�use
and specular components in the Phong re�ectance model [11]), or we could use
light source sampling, which samples directions to light sources depending on their
emitted power (for example, sampling directions in environmental map based on
intensities at each pixel [12]).

2.2.3 Multiple Importance Sampling

We can improve the previous approach by combining multiple probability den-
sity functions (MIS [13]). For example, combining the BRDF sampling with light
source sampling. If we haveM such sampling methods, we generateN1 : : : NM num-
bers of samples for each method, then we combine the results with the following
estimator:

hL i M;N
mis =

MX

j =1

1
N j

N jX

i =1

wj (si )
l (sj;i )
pj (sj;i )

We have added another weightwj (si ), which should compensate for the di�erent
sampling of di�erent methods. It is recommended to use, for example, the balance
heuristic:

wj (s) =
N j pj (s)

MP

k=1
Nkpk (s)

If we use the balance heuristic and the numbers of samples are all the same,
then the estimator simpli�es to the following:

hLi M;N
mis =

M
N

MX

j =1

N=MX

i =1

l (sj;i )
MP

k=1
pk (sj;i )

So, in the end instead of dividing by one probability, we divide by sum of
probabilities of the current sample with respect to all the sampling methods. This
ensures that the better sampling method for the speci�c scenario has more impact
on the result.

2.2.4 Path Tracing

In path tracing [4], we recursively create a path of multiple bounces. At each
bounce, we compute the light source sample and add it to the result. At each bounce,
we randomly decide based on the albedo of the material whether to continue the
path or not (if we don't continue, then it means the light was absorbed by the
material). If we decide to continue, then we create a new bounce by computing the
BRDF sample. Similarly to integrating multiple outgoing samples in methods with
just one bounce, we will integrate multiple path samples by uniformly averaging
their results.
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This algorithm is very simple to implement. It should be unbiased and should
slowly converge to correct solutions. So, it is mostly used as a reference algorithm
for comparison with some other more optimized algorithms. You can see simple
depiction of path tracing on �gure 2.2.

Figure 2.2: Path tracing visualized.

2.3 Scene Intersections

We should also mention one complicated part of ray tracing, which is �nding
ray intersections with the scene objects. It is not the main focus of this thesis, but it
has great impact on the performance of ray tracing algorithms and it is the reason
that rasterization is more bene�cial in terms of performance for computation of di-
rect illumination. The problem is usually solved by using some kind of hierarchical
data structure, which accelerates spatial search of scene objects (typically triangles),
giving us candidates of objects that could intersect the ray. For each of these candi-
dates, we perform an intersection test to check if the intersection actually happens.
The popular data structures for this task with best practical results are kd-trees [14]
and BVH (bounding volume hierarchy [15]) trees. We will use similar types of data
structure in this thesis for path guiding, namely an octree [16].
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2.4 ReSTIR

In this section, we will describe the Reservoir-based Spatio-Temporal Impor-
tance Resampling (ReSTIR [6]) algorithm, which drastically improves the render
time performance in comparison with the classical path tracer. First, we will de-
scribe a variant of this algorithm limited to direct illumination, starting with a new
sampling algorithm (RIS [5]), then simplifying this sampling process by using reser-
voirs and then reusing samples by combining multiple reservoirs. In the end, we will
look at a generalized variant of this algorithm for computing global illumination [7].

2.4.1 Resampled Importance Sampling

The main principle of Resampled Importance Sampling (RIS [5]) is that we gen-
erate M samplesf s1; : : : ; sM g according to some simple PDFp and then randomly
select one of them with probabilities proportional to some more complicated PDF
p̂. The simple PDF p should be easy to sample from, it could be, for example, light
source sampling. The complicated PDF̂p should be something that better repre-
sents the actual underlying distribution of radiance in the scene, but we may not be
able to sample from it. We could choosêp as the unshadowed light contribution of
the sampleL (s; s ! x) f (x ! s; x; ! o) G (x; s), which is basically the inside of the
integrand in the rendering equation without the visibility term V (x; s). In this way,
by selecting the samples proportional tôp we approximate the underlying distribu-
tion of radiance in the scene and thus select samples with higher contributions more
often.

We will now concentrate on how to select the sample with probability propor-
tional to p̂ from M generated candidates. In our case, if we choosep̂ to be the
mentioned unshadowed light contribution, thenp̂ is not even a valid PDF, because
the result of the integration over it may be greater than 1. But that won't be a
problem, because we will construct a new valid PDF from̂p for selection of the
samples in the following way. First, we will de�ne weightsw as ratio of complicated
PDF p̂ and simple PDFp:

w(s) =
p̂(s)
p(s)

Then the probability of selecting indexi 2 f 1; : : : ; M g from candidate samples
s = f s1; : : : ; sM g is:

p(i j s) =
w(si )

MP

j =1
w(sj )

We can clearly see that this PDF sums up to 1 and the probabilities are pro-
portional to p̂. Now we can select a sampley = si by randomly generating a number
from 0 to 1 and then �nding the index i by searching in which of the intervals of
the p(i j s) the generated number belongs to. From this sample we can compute
1-sample RIS estimator:

hL i 1;M
ris =

l (y)
p̂ (y)

�
1

M

MX

j =1

w(sj )
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If p̂ is the PDF from which we sample, then we could simply use thel (y) =p̂(y)
term. But because it is not the case, we compensate it by the average of the weights
of the M samples. Finally, we can getN sample estimator by repeating this process
N times and averaging the results, each time we select from new M samples.

hLi N;M
ris =

1
N

NX

i =1

0

@ l (yi )
p̂ (yi )

�
1

M

MX

j =1

w(si;j )

1

A

2.4.2 Weighted Reservoir Sampling

We can simplify the process of selecting they sample from theM generated
candidates. Instead of �rst generating all of theM samples, remembering their
weights w and after that selecting one sample, we could select the resulting sample
in the process of generating theM samples and don't remember the individual
samples and their weights.

So, we generate the samples one by one. At each step, we remember sum of
all the processed weightswsum up to this point. We also remember the currently
selected sampley, in the beginning we could set it to the �rst generated sample.
At each step we generate a new samplesi , compute it's weight wi , generate random
number r 2 h0; 1i . If r < w i =wsum , then we set the resulting sample tosi .

This procedure is equivalent to the selection of samples in RIS. If we add a new
samplesm+1 to the reservoir ofm already processed samples, then the probabilities
of selecting the samples are:

p(m + 1) =
w(sm+1 )

m+1P

j =1
w(sj )

p(i ) =
w(si )

mP

j =1
w(sj )

0

B
B
B
@

1 �
w(sm+1 )

m+1P

j =1
w(sj )

1

C
C
C
A

=
w(si )

m+1P

j =1
w(sj )

8i 2 f 1; : : : ; mg

2.4.3 Spatiotemporal Reuse

The reservoirs are not only useful for simplifying the local sample selection.
If we have 2 reservoirs, we can easily combine them inO(1) time. Let there be 2
reservoirsr1, r2 with the selected samplesy1, y2 and weight sumswsum; 1, wsum; 2.
Then we can combine them simply by treatingy2 as a new sample, which we put in
the r1 reservoir with weightwsum; 2 (the same procedure as described in the previous
section). The combined result now lies inside ther1 reservoir.

In this way, we could, for example, combine reservoirs of neighboring pixels.
Because their distributions of radiance are probably very similar, it makes sense to
apply this reuse. But the distributions are still a little di�erent, so we compensate
for this by multiplying the resulting weight sum by p̂1(y)=p̂2(y), where p̂1 is the
complex PDF of the pixel of the reservoir to which we are adding the result of the
second reservoir, whose complex PDF iŝp2.

Spatial reuse does exactly this combining procedure described in previous para-
graphs with k neighboring pixels (for example,k could be 8 immediately neighboring
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pixels). We repeat thisn times and we e�ectively get a combination ofkn neighboring
reservoirs.

We could also combine reservoirs with temporal reuse. This means that we
combine the reservoir in the current pixel with the reservoir from the previous frame
at the same pixel. The reasoning behind this is similar to that of spatial reuse. If we
don't move with the camera drastically, then the distributions should be similar. But
we should still compensate with thêp1(y)=p̂2(y) term. After that, if the results that
we propagate to the next frame are these combined results, then we are e�ectively
reusing reservoirs from all the previous frames, not just the reservoirs from the
previous frame.

2.4.4 ReSTIR Global Illumination

To generalize ReSTIR for global illumination (ReSTIR GI [7]), we sample even
the points that are not light sources, instead of sampling only from light sources.
The radiance at these points is now computed with path tracing. We can compute
RIS with weighted reservoir sampling in the same way as in basic ReSTIR. Spa-
tiotemporal reuse is still being applied in a similar way, but in Ouyang et al. 2021
[7], they made a few changes. Instead of representing the samples as directions, they
represent them as positions of surface points. This preserves the samples more ac-
curately when spatial reuse is used. When merging 2 reservoirs, they also compute
similarity of the samples and decide whether to merge them or not.

Figure 2.3: Comparison of ReSTIR (a) , (b) and ReSTIR GI (c) , (d) from Ouyang et
al. 2021 [7].
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2.5 Path Guiding

Path guiding is a general term for methods which somehow approximate the
global distribution of radiance in the scene and leverage this knowledge for better
sampling in the path tracing algorithm. One of those methods is Practical Path
Guiding for E�cient Light-Transport Simulation [8].

This method uses hierarchical data structures to divide the space and directions
of the scene and stores the approximate amount of radiance inside of the nodes of
these data structures. Speci�cally, it uses a kd-tree for subdivision of space and at
each leaf of the spatial kd-tree it subdivides all directions with a quadtree. The spa-
tial kd-tree (or spatial binary tree) divides its nodes always in half, and alternates
between thex, y, z axes in order. The directional quadtree uses cylindrical coordi-
nates to represent directions. Similarly to the spatial tree, it subdivides the nodes
in half of the intervals. You can see an example of the trees in the �gure 2.4.

Figure 2.4: Spatio-directional subdivision trees from Müller et al. 2017 [8].

In the algorithm, there are 2 phases that are iteratively repeated. In the �rst
phase, we are collecting estimated radiance inside our tree structures. Based on this,
in the second phase, we adapt the trees to our current distribution of radiance by
subdivision when some conditions are met.

2.5.1 Collecting Estimated Radiance

In this step, we perform the classical path-tracing. When we form a path, we
iterate over all its verticesv, with their respective directions! . First, we perform a
search in the spatial tree and accumulate radiance at each node that contains the
position v. We also remember the number of vertices that visited each node. After
that, when we reach a leaf node containingv, we will traverse its directional tree in
a similar way: visit nodes containing! and accumulate the estimated radiance.

An important observation is that because we accumulate only inside the spatial
nodes that contain the current path vertexv, it means that we approximate only
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the distribution of the radiance at the surface. So we have no information about
the distribution in the empty space between the surfaces, which may lead to some
problems, which are solved by the method described in the section about focal path
guiding.

2.5.2 Tree Adaptation

We split the nodes of the spatial kd-tree based on the number of vertices that
visited each node. If the number is higher than some tweaked constant, we will split
the node. In Müller et al. 2017 [8] they use speci�callyc

p
2k , which is proportional

to the number of traced paths in thek-th iteration, because they are increasing the
number of samples in each iteration exponentially.

The nodes inside the directional quadtree are split based on the ratio of ac-
cumulated radiance of the current node and the total accumulated radiance in the
current quadtree (value stored at the root node). In Müller et al. 2017 [8] they use
the threshold ratio � = 0:01. The total number of nodes in the quadtree is then
proportional to 1=� .

2.5.3 Sampling

Now that we have an approximation of the radiance distribution stored in our
spatio-directional trees, it's time to use it for better sampling of outgoing directions
(technique from McCool et al. 1997 [17]). The process is simple. We �rst traverse
the spatial kd-tree, to �nd a leaf node that contains our current vertexv. We then
take its directional quadtree. Then we randomly traverse the nodes in depth, with
the probability pn of choosing a speci�c node equal topn = Ln=Lp, where Ln is
the accumulated radiance of the current node andLp is accumulated radiance of its
parent. When we reach a leaf, we simply generate the sample by randomly choosing
one direction from the range that the leaf represents with uniform probability. Then
after we compute the incoming radiance of the samplel(s), we will weight the result
similarly to IS by 1=p(s), wherep(s) = Ln=Lt , whereLn is the accumulated radiance
of the current node andL t is accumulated radiance of the entire directional quadtree
(value stored in root node).

This method of sampling could be used, for example, instead of standard light
source sampling in the classical path tracer algorithm, which should have better re-
sults for non-analytical light sources. Or, it could be used for sampling new bounces,
which should have better results at surface caustics.
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2.6 Focal Path Guiding

Focal path guiding [1] is a variant of path guiding, which specializes in capturing
the so-called focal e�ects and is the main topic of this thesis. We de�ne term focal
point as a small region of space where multiple light paths from di�erent directions
converge. Focal e�ects are then arsing due to presence of focal points in the scene.

There are many di�erent types of focal points. Some are illustrated in �gure 2.5.
In Rath et al. 2023 [1] they established 3 main categories of focal points: direct focal
points, indirect focal points and virtual images. Direct focal points are either small
light sources themselves (image a), or the camera position. Indirect focal points
are either surface caustics (brightly iluminated spots, image b), or light passing
through narrow gaps (camera obscura e�ect, image c). Virtual images are caused by
re�ections or refractions (image d), or multiple combinations of them.

Figure 2.5: Di�erent types of focal points from [Rath et al. 2023 1].

This method should handle all of these types of focal e�ects well. In contrast,
the path guiding method Müller et al. 2017 [8] from previous section is capable of
handling direct focal points and some of the indirect focal points, such as surface
caustics. But it performs poorly for the other types of focal points that are not
surface-bound. The main reason for this behavior is that the data structure from
Müller et al. 2017 [8] approximates only the surface distributions, not the distribu-
tions in the space between.

Figure 2.6: Comparison of path guiding from Müller et al. 2017 [8] on the left and focal
path guiding on the right. Taken from Rath et al. 2023 [1].

The main di�erence from the previous method is in the data structure itself
and in the method of accumulating estimated radiances inside of it. You can see
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comparison of the methods in �gure 2.6. Here we use an octree [16] instead of a
kd-tree [14] for spatial subdivision (which itself shouldn't change the results, it's
more a performance matter, but it would be worth a try to keep the kd-tree and
compare), and we drop the dependence on direction, so we don't use the directional
quadtrees anymore. The radiance estimates are now accumulated at each node that
is intersected with a speci�c ray from our path, instead of accumulating only at the
nodes containing the starting point of the ray. In the following sections, similarly to
classical path guiding, we will describe the process of collecting estimated radiance,
which we use to estimate focal densities, then adaptation of the tree structure and
�nally sampling random directions from the tree.

2.6.1 Estimating Focal Densities

In the nodes of the octree data structure, we store accumulated radianceav,
from which the so-called focal densitiespv can be computed (v represents the voxel
of the octree node). First we compute density times volume� v = pv jVv j, also called
the selection probability:

� v =
av

ar

Where av is accumulator of our current node andar is accumulator of the root
node. Now we can simply divide by volumejVv j of the node to get the focal density
pv:

pv =
� v

jVv j
The estimation of focal densities has two iterative phases. The �rst phase is the

initial guess, which roughly places higher densities near our focal points. The second
phase is the narrowing phase, which narrows the distribution closer to the true focal
points. You can see these phases visualized in the �gure 2.7. In Rath et al. 2023 [1]
they use 10 iterations for the initial guess and 5 for the narrowing phase.

Figure 2.7: Visualization of the focal density estimation, from Rath et al. 2023 [1].

The initial guess phase is simple. We perform a classical path tracing for each
pixel with multiple samples. For each bounce in the path, determined by generated
sample points, we go through every octree node voxelv that is intersected by the
ray and we add the following value to its accumulatorav:



16 Chapter 2. Ray Tracing

(t1 � t0)
l (s)
p(s)

Where(t1 � t0) is the distance traveled through the voxel (t0 and t1 are the entry
and exit point distances from the ray start),l (s) is estimated radiance at samples
(same notation as used so far) andp(s) is the probability of selecting the samples
(which will be described in the section about sampling). The reasoning for dividing
by p(s) is similar to that in IS. The (t1 � t0) results from the integration over the
voxel.

The narrowing phase is a little more complicated. Our goal is to weight the
accumulated contributions by how likely is the sample generated from voxel inter-
sected along the ray (in the initial guess phase, the contributions were roughly the
same along the ray). In this way, we shift the greater values closer to the focal points.
We will mark the mentioned weight of the voxelv aswv. If we have our sample point
s and a starting point of the ray x, we will de�ne the normalized ray direction as! .
Our contribution to the accumulator � v now looks like this:

wv(x; ! )
l (s)
p(s)

Where l(s) and p(s) are the same as previously in the initial guess and the
wv(! ) is:

wv(x; ! ) =
� vpv(x; ! )

P

v02 I (V )
� v0pv0(x; ! )

Where I (V) are all the voxels intersected along the ray,� v and all the � v0

are selection probabilities from the previous iteration,pv(x; ! ) is a probability of
randomly selecting a voxel along the ray, which is equal to:

pv(x; ! ) =
t3
1 � t3

0

3jVv j

Where t0 and t1 are again the entry and exit point distances from the ray start
x and jVv j is volume of the voxelv.

2.6.2 Tree Adaptation

There are two operations that are performed with the tree: splitting and prun-
ing. The splitting operation is performed after each density estimation iteration and
the pruning operation is performed only after the last iteration of the algorithm.

In the splitting phase, a node is split if the selection probability� v is greater
than some threshold
 . In this way, we give more precision to the areas potentially
containing focal points. In Rath et al. 2023 [1] they state that the value
 = 10� 1

works well for their scenes.
We also perform the pruning phase because the variance between child nodes of

some parent node may not be large enough to justify the cost of the traversal. The
decision whether to collapse a node is simple. We collapse the node if the maximum
leaf node densitypmax in the subtree at the node is less than two times the average
density pavg in the subtree.
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Figure 2.8: Visualization of the octree pruning, taken from Rath et al. 2023 [1].

2.6.3 Sampling

Sampling of the ray direction is done in a similar way as sampling from direc-
tional quadtree in path guiding from Müller et al. 2017 [8]. In our case we randomly
traverse the octree, with probability of selecting a child nodech from some par-
ent node p equal to ach=ap. In this way, a leaf nodel is selected with probability
� l = al=ar (where r is the root node). If we reach a leaf nodel, then we randomly
select a pointy 2 Vl from inside of it's volumeVl with uniform probability. Finally,
we create our sample direction! by normalizing the vector from our current surface
point x to the generated points.

To compute the probability of selecting the samplep(s), we need to accumulate
the selection probabilities of all nodes that could generate the same direction:

p(s) =
X

v2 I (V )

� vpv(x; ! )

Where, similarly as in section 2.6.1,I (V) are all the voxels intersected along the
ray, � v are the selection probabilities,pv(x; ! ) is a probability of randomly selecting
a voxel along the ray.
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Implementation

The implementation was done with the Falcor rendering framework [2]. The
Focal Path Guiding method [1] is implemented as a collection of several custom
render passes integrated within the framework. These render passes are then put
together in a render graph with a script. When we run this script with some input
scene and con�guration, we will get our rendered image.

In this chapter we will �rst start with a small introduction into the Falcor
framework. Then we will describe the main parts of the implementation from top-
down approach. First, we will look at the render graph and introduce the used render
passes and describe how they are connected. Then we will describe how the main
data structure of this algorithm - focal density octree is implemented in memory
and how the traversal algorithm works. Then we will describe each of the custom
render passes. Starting with focal density estimation passes which maintain the focal
density octree - accumulation, splitting and pruning. Then we will �nally look at
the focal path guiding pass, which uses the focal density octree to sample guided
rays and outputs estimated radiance for the �nal image. In the end we will look at
passes used for visualization.

3.1 Falcor Framework

Falcor is a real-time rendering framework from NVIDIA, written in C++. It's
use is targeted mainly for research and prototype projects. Supports DirectX 12
and Vulkan graphics APIs, Python scripting, DXR raytracing API from NVIDIA
and many other features. It provides basic rendering functionality which abstracts
the lower level graphics APIs, scene loading, window creation and simple immediate
mode GUI.

The intended way to use the framework is by writing custom render passes.
Render pass is a rendering unit that has some inputs and outputs and can be con-
nected to other render passes in a render graph. The render graph is then the �nal
product that renders our desired scene into some image. The inputs and outputs
of the render passes are images that represent some intermediate results. The scene
and global settings can be accessed by all render passes.

To give an example, we could create a simple render graph from 3 passes: path
tracer pass, accumulate pass and tone mapper pass. The path tracer pass traces the
scene with 1 sample for each pixel and outputs the resulting radiancies. Then the
accumulate pass accumulates the path tracer outputs to a local storage and outputs

19
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their average. Finally, the tone mapper pass maps the high dynamic range values
from the accumulate pass to values that could be displayed on the monitor. You can
see this example visualized in the Falcor render graph editor in �gure 3.1.

Figure 3.1: Example render graph in Falcor framework.

The render passes are written in C++. Falcor provides many standard render
passes that we can use in our render graph together with our custom render passes,
such as the mentioned standard path tracer, accumulator and tone mapper passes.
The render graph can be created in C++ too by making a separate custom applica-
tion that calls the Falcor framework. But a simpler way to create a render graph is
with a Python script. We can open these scripts in Mogwai application (�gure 3.2)
which is part of the Falcor framework. It displays the render graph output in real-
time and provides simple GUI for tweaking of the render passes and scene settings.
You can also create simple scenes with Python scripts and load them with Mogwai.

Figure 3.2: Mogwai application from Falcor framework.

An important part of the implementation of render passes are shaders, which
are the part of the code that is executed on GPU. Shaders in Falcor are written
in Slang programming language. Slang is a fairly new programming language. One
of the advantages is multi-platform support - cross-compiles to many other shading
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languages, such as HLSL, GLSL, SPIRV and even C++ CPU code. It also brings
in many modern language features. The main one is the support for better code
modularity with imports. You can simply import some shared functionality from
another �le which is not supported by default in languages such as GLSL and HLSL.
This allows for creation of shader libraries that can be easily shared and used.
The Falcor framework has one such library in its codebase and it contains many
useful functionalities for rendering, such as several BSDF sampling and evaluation
methods, material and scene helper code, random number generators and much
more.

Slang supports standard shader types, such as vertex and pixel shaders from
rasterization pipeline and compute shaders. But it also supports new raytracing
shaders, which allow us to take advantage of the hardware acceleration for this
speci�c task on latest graphics cards. The raytracing shaders are extensively used
in implementation of this project because of their performance advantages. We will
brie�y introduce how they work in the next section.

3.1.1 NVIDIA Raytracing Pipeline

Figure 3.3: NVIDIA Raytracing Pipeline [18].

The raytracing pipeline consists of 5 shaders, 3 mandatory and 2 optional. You
can see them in �gure 3.3. The 3 mandatory are: ray generation shader, miss shader
and closest hit shader. The ray generation shader is the starting point of raytracing.
It is called for each pixel and creates initial ray pointing from camera through that
speci�c pixel. It then calls TraceRay function, which shoots the ray into the scene.
The ray is then evaluated with acceleration structure traversal, which �nds if there
are any intersections. If there are no intersections, then the miss shader is called.
This shader is typically used to sample from an environment map or simply use
some background color. If there are some intersections, then the closest hit shader
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is called for intersection closest to the ray origin. This shader is typically used for
lighting calculations of opaque geometry.

The 2 remaining optional shaders are any hit shader and intersection shader.
The any hit shader is called for each intersection and is typically used for alpha
testing for evaluation of non-opaque objects. The intersection shader can be used to
implement custom intersections of user-de�ned geometry.

3.2 Render Graph

The render graph of the focal path guiding implementation consists of 4 custom
render passes and 3 standard passes from the Falcor framework. The 4 custom render
passes in code are FocalDensities, NodeSpliting, NodePruning and FocalGuiding
passes. The 3 standard passes are VBu�erRT, AccumulatePass and ToneMapper
pass. You can see how they are connected in Falcor render graph editor on �gure
3.4. This shows the exact connections how they are in the framework, but it doesn't
show how exactly are the passes executed, because some of them are executed only
for speci�c number of iterations. To get a better idea of the execution �ow, we will
describe it with the diagram in �gure 3.5.

Figure 3.4: Focal path guiding render graph in Falcor framework.

In �gure 3.5 the graph is divided into 2 parts: estimation of focal densities and
rendering of the �nal image with focal path guiding. The focal density estimation
part builds the focal density octree and is run only at start of the program for �xed
amount of iterations equal toninit + nnarrow + 1. The rendering part then uses this
precomputed octree for the guiding and can be run as long as we want, depending
on the desired number of samples.

The focal density estimation starts with the initial density accumulation which
computes the initial guess as described in section 2.6.1. It runs forninit itera-
tions. Then it switches to the density accumulation with narrowing, which works
mostly the same as initial density accumulation, but it additionally applies narrow-
ing weights, similar to those described in section 2.6.1. Both accumulation phases
are implemented in the same pass FocalDensities (�gure 3.4). The narrowing accu-
mulation runs together with the splitting pass, which deepens the octree. Both the
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Figure 3.5: Focal path guiding render graph �ow diagram.

narrowing and splitting are run fornnarrow iterations. At the end of the focal density
estimation, the pruning pass is executed to reduce the size of the �nal tree. Both the
splitting and pruning pass use the same criteria for splitting/pruning as described
in section 2.6.2.

After the focal density estimation is �nished, it begins rendering the image with
focal path guiding pass, which uses sampling described in section 2.6.3. Each run
of this pass evaluates radiance of one sample per pixel. Then the accumulate pass
accumulates the focal path guiding pass outputs to a local storage and outputs their
average. Finally, the tone mapper pass maps the high dynamic range values from
the accumulate pass to values that could be displayed on the monitor.

3.3 Focal Density Octree

Figure 3.6: Octree data structure. Simple tree node visualization on left. Visualization
of stored densities on right.

Similarly to Rath et al. 2023 [1], in this implementation an octree data structure
[16] has been chosen to represent the distribution of focal densities in space. You
can see a simple visualization of an octree in �gure 3.6 on the left. Each node can
be visualized as a cube and its child nodes are the 8 cubes that are created from
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subdivision of this cube. On the right image of the �gure 3.6 you can see an example
visualization of focal densities stores inside an octree.

The reason for choosing an octree for this task is that it is simple to represent
volumetric data with it, which is our case with the focal densities. We could use kd-
tree instead, for example. But that could have some disadvantages. The tree would
be deeper and it would be more complicated to maintain the structure. But it could
be interesting to implement this method with kd-tree in the future and compare it.

3.3.1 Data Structure

The octree is stored in a bu�er on GPU as an array of DensityNode struct shown
in �gure 3.7. This struct actually does not contain focal density of that speci�c
node, but it contains densities of all 8 of its node children stored in DensityChild
struct. The index stored in DensityChild is an index to DensityNode containing
children of the DensityChild. If this index is 0 it means that the node is a leaf. The
accumulator attribute contains accumulated radiance in this node. When divided
by global accumulator (all accumulated radiance) and volume of the node it gives
us the focal density for the node. The parentIndex and parentO�setAndDepth are
used to access parent nodes from children nodes, which is needed for the pruning
pass.

Figure 3.7: Focal density octree node structure.

The size of each DensityNode is8� (4 + 4) + 4 + 4 = 72 bytes, which is9 bytes
per octree node, because we store 8 nodes together in one DensityNode. It could be
further reduced if we remove the parentIndex and parentO�setAndDepth attributes,
which could be done after the density estimation phase is �nished and copy the values
to the simpli�ed structure. The size of each node would then e�ectively be8 bytes.
To minimize the size of the structure is important, because it has a great impact on
performance through the cache miss ratio. That is the main reason why the structure
is speci�ed in this way. Little disadvantage is that the root node cannot store any
data inside, so its accumulator is stored in a separate variable.
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3.3.2 Ray Traversal

The main algorithm that uses the focal density octree is traversal of the nodes
intersected by some ray. In this implementation it is used for accumulation of focal
densities, PDF estimation of sampled ray directions and visualization of the stored
densities. The algorithm used in Rath et al. 2023 [1] for octree traversal is from
Revelles et al. 2000 [19]. It is one of the most e�ective algorithms for this task. But
for our implementation, it has some disadvantages. The main goal of the algorithm
from Revelles et al. 2000 [19] is to �nd the �rst intersection of the ray with some
geometry. This implies that the algorithm must traverse the nodes in order from
the to the ray origin. But in our case it does not matter in which order are the
nodes traversed. We can remove a lot of complexity of the algorithm by not caring
about the order. Also, the original algorithm is recursive, which is problematic on
GPU. This implementation uses while cycle in combination with a stack. But this
does not mean that the implemented algorithm is more e�ective than some GPU-
friendly variant of the one from Revelles et al. 2000 [19]. This is something worth
investigating in future work.

Algorithm 1 Density Octree Ray Traversal

parentStack = {0}
childStack = {0}
stackSize = 1
box = sceneBoundingBox
while nodesStackSize > 0do

topIndex = stackSize - 1
if childStack[topIndex] � 8 then

stackSize��
if stackSize > 0then

box = extendBox(box, childStack[topIndex� 1]� 1)
end if

else
node = getNode(parentStack[topIndex], childStack[topIndex])
currBox = shrinkBox(box, childStack[topIndex])
if rayIntersectsAABB(rayOrigin, rayDirection, currBox) then

if node.isLeaf()then
evaluateLeaf(node)

else
evaluateInnerNode(node)
parentStack[stackSize] = node.index
childStack[stackSize] = 0
box = currBox
stackSize++

end if
end if
childStack[topIndex]++

end if
end while
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Now we will look at the pseudocode of the algorithm 1 used in this implemen-
tation. It uses 2 stacks of the same size: parentStack and childStack (in the actual
implementation, they are in one stack, but for simplicity here they are split into
two). The parentStack contains indices of parents of currently traversed nodes, ini-
tially it contains zero index - their root node. The childStack contains child indices
(0 to 7) referring to the child nodes of parent node stored in parentStack, also ini-
tially zero - �rst child. Each iteration of the while cycle evaluates one child node and
increments the index in childStack. When all 8 children are evaluated, it pops top
of the stack. The evaluation of each node �st checks for intersection with its AABB.
If intersected and the node is not a leaf, then push this node on the parentStack
and in next iteration we will evaluate it's children. This means that the traversal
is depth-�rst. The bounding box used in the traversal can be shrank or extended
based simply on the index of the current child.

3.4 Focal Density Accumulation Pass

The focal density accumulation pass accumulates the estimated radiance into
the octree. The pass itself does not change the structure of the octree (it does not
add or delete the nodes), it only updates the accumulators stored inside the nodes.

Radiance is estimated with path tracing, using the same algorithm as in Focal
Path Guiding pass, which will be described later in section 3.7. For each evaluated
path for each ray bounce the algorithm from section 3.3.2 is used to traverse the
intersected octree nodes and atomically adds to their accumulators the estimated
radiance for this speci�c path.

Because path guiding is used to generate the ray paths, the accumulated re-
sults are in�uenced by estimated densities from previous iterations. Because of this,
the octree is double-bu�ered. In the �rst bu�er we store the octree from previous
iteration that is read-only and is used in path guiding. The second bu�er is used
for accumulation of the newly estimated radiance, initially contains the copy of the
�rst bu�er. The bu�ers are then swapped after each iteration.

Additionally, between each two iterations, all node accumulators are multiplied
by con�gurable decay (default value is0:5), which is there to prevent the values of
growing to high, which would cause numeric problems.

3.4.1 Initial Phase

Before the density accumulation begins, an initial octree with �xed depth is
created (default starting depth is 3). The accumulators are initialized with values
greater than zero to prevent division by zero when sampling directions from the
tree. So the initial tree represents uniform focal density in space. The root node of
the octree has the same position and dimensions as bounding box of the rendered
scene.

The accumulation of estimated radiancel(s) uses the same weights as described
in section 2.6.1:

(t1 � t0)
l (s)
p(s)



3.4. Focal Density Accumulation Pass 27

In �gure 3.8 we can see visualization of the resulting densities stored in the
octree after the initial accumulation phase is �nished. On left is the testing scene
used for this example and will be used in multiple next sections. On the right, we
can see the visualization. Brighter colors correspond to higher densities, and darker
colors correspond to lower densities. You can see that the algorithm found the light
source, the bright cube in the top part of the image. Here the light is not analytic,
it's just a polygon with emissive material, so it's important to locate it.

Figure 3.8: Initial phase of density accumulation. On the left is used testing scene. On the
right are visualized computed densities (brighter colors correspond to higher densities).

This phase basically approximates the distribution of light in the scene. But it
does not necessarily locate all the focal points in the scene, because the radiance
passing through can be much lower than the one emitted from the light sources. For
example, the light focused from the lens placed in the middle is not that prominent
when we look at the visualization of the densities. To give more importance to these
regions, the narrowing phase comes in.

3.4.2 Narrowing Phase

The narrowing phase is almost identical to the initial phase. The only di�erence
is in the weights used when accumulating the densities. Again we use the same
weights as in Rath et al. 2023 [1] described in section 2.6.1, but with a little tweak,
adding narrow factorn:

wv(x; ! ) =
(� vpv(x; ! ))n

P

v02 I (V )
(� v0pv0(x; ! ))n

If we use narrow factorn � 1, we can tweak the strength of the narrowing.
Default value n = 1 makes it identical to the original implementation.

In �gure 3.9 we can see the impact of the narrowing weights on the stored
densities. Some parts, for example inside of the lens and the caustic on the �oor,
are more prominent here. Contrary, areas close to the wall or inside of the box and
sphere are darker. This is still with the same number of nodes and depth. To get
more precise focal areas we add in the splitting pass.
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Figure 3.9: Narrowing phase of density accumulation. On the left is result of 2 iterations
of the initial phase. On the right is result of 3 more iterations of the narrowing phase
(narrowing factor n = 1 ).

3.5 Splitting Pass

The splitting pass deepens the octree based on the stored densities. Each iter-
ation can deepen the structure by 1 level. It is done with a compute shader that
is executed on all nodes. If node is a leaf and ful�lls the splitting criterion, then
8 child nodes are created. Accumulator value stored in their parent is distributed
between them equally. The number of nodes is an atomic variable, by incrementing
it we reserve index in the nodes bu�er for the newly created children. The bu�er
has some preallocated free space, so we simply �ll it up this way.

The splitting criterion is the same as in Rath et al. 2023 [1]. We split the node
if its density times volume � is lower than the splitting threshold (default value is
0:001).

Figure 3.10: Splitting together with narrowing. On the left is result of 2 iterations of the
initial phase. On the right is result of 3 more iterations of the narrowing phase together
with splitting (narrowing factor n = 1 ).
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In �gure 3.10 we can see the splitting applied together with narrowing. The
focal areas are now even more prominent and their shape is more precise. But it also
created a lot of nodes in areas with roughly the same density, which has negative
impact on the performance of the traversal - more nodes need to be traversed and
it is not always justi�ed by some bene�t. The pruning pass helps with this problem.

3.6 Pruning Pass

The pruning pass reduces the size of the octree by removing children of nodes
that have a small density variance in their subtree. The heuristic for deciding whether
we should prune a node is the following: prune the node ifpmax � 2pavg, wherepmax

maximum leaf node density in the subtree andpavg average leaf node density in the
subtree.

The implementation is done with a compute shader that is called iteratively for
each depth layer, starting from the lowest one. In each iteration, the shader prunes
nodes on the current depth level that ful�ll the heuristic and computes thepmax

and pavg densities that are reused in the next iterations. A node is pruned simply
by marking it as a leaf, this is done by setting the index in DensityChild structure
to 0.

In �gure 3.11 we can see the pruning applied after the narrowing and splitting.
Many of the unnecessary nodes, for example the ones close to the walls, were pruned.
It also pruned many of the nodes with higher density, but the most important parts
remained and the representation is more compact now.

Figure 3.11: Pruning of the focal density octree. On the left is a result of 2 initial
accumulation iterations and then 3 iterations of the narrowing phase together with splitting
(narrowing factor n = 1 ). On the right is the same execution with a pruning pass added
at the end.
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