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Abstract
We describetwo new techniquesof ray shootingacceleration that exploit the traversal coherenceof a spatial
hierarchy. Thefirst techniquedeterminesa sequenceof adjacentleaf–cellsof thehierarchy that is piercedby all
rayscontainedwithin a certainconvex shaft.Thissequenceis usedto accelerate ray shootingfor all remaining
rays within the shaft.The secondtechniqueestablishesa cut of the hierarchy that containsnodeswhere the
hierarchy traversal canno longer bepredeterminedfor all rayscontainedwithin a givenshaft.Thiscut is usedto
initiate the traversal for all remainingrayscontainedin theshaft.Thedescriptionof themethodsis followedby
resultsevaluatedby their practical implementation.

Keywords: ray shooting,ray casting,BSPtree,traversal
coherence,hiddensurfaceremoval.

1. Intr oduction

Many modernglobal illumination techniquesarebasedon
discretesamplingof lighting within thescene,wherethege-
ometricalrelationships(visibility) betweenobjectsare de-
terminedusingrayshooting.

A verylargeamountsof raysarecastbymostof theglobal
illumination methods,hencewe are giving the ray shoot-
ing algorithmspecialattention.Theportionof therendering
time spentby ray shootingis usuallyquitesignificantandit
is not rarethatit takesmorethan50%of thetotal rendering
time.

In this paperwe presenttwo new methodsutilizing spa-
tial coherenceof visibility that usethe conceptof longest
commontraversal sequence(abbreviated to LCTS further
in thepaper).Thepresentedmethodsextendthe ray shoot-
ing accelerationbasedon a hierarchicalspatialsubdivision,
namely using a rectilinear binary spacepartitioning tree
(BSP) tree. A rectilinearBSP tree (all its splitting planes
perpendicularto principalaxes)is alsosometimescalledkd–
tree.

Let uscall acell of thespatialsubdivisionelementary(hi-
erarchical) if it correspondsto a leaf (interior) nodeof the

spatialhierarchy. Rayslaying within a certainconvex shaft
arelikely to piercethesamesetof hierarchicalandelemen-
tarycellsof thespatialsubdivision.Wecall thisphenomenon
a traversal coherence. Thebasicconceptof traversalcoher-
encefor elementarycellsis illustratedin Figure1.

Ourfirst techniquedeterminesaLCTSfor agivenconvex
region (shaft)R consistingsolely of leaf–nodesof the spa-
tial hierarchy. We call theresultingLCTS thesimpleLCTS
(SLCTS).TheSLCTS(if it exists)canbeusedfor thetraver-
sal for all rays containedwithin R. As it will be shown
later, if no intersectionis foundusingthecurrentSLCTSthe
traversalcontinuesusingsomeconventionaltraversaltech-
nique,suchasa neighbour–link schemefor BSPtrees.

The secondtechniqueusesmore elaboratetreatmentof
theinformationgainedduringtraversalof thespatialhierar-
chy. It determinesa hierarchical LCTS (HLCTS), that cor-
respondsto a sequenceS of nodesof the spatialhierarchy.
Thesenodesform a cut of the hierarchyat the level where
thetraversalcanno longerbepredeterminedfor all rayslo-
catedwithin R. For any ray locatedin Rwecanavoid traver-
salstepsfrom therootof thehierarchyto thenodesin S.

As we show later, this conceptcan be further extended
by pruning adjacentelementarynodesthat do not contain
any objects.Anotherextensionis to determinea termination
object(if it exists)thatis hit by all rayslocatedin R.

Therestof thepaperis organizedasfollows: In Section2
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Figure1: Theconceptof traversal coherencein two dimen-
sions.An arbitrary ray Rx lying betweenrays RA and RB

piercesthesamesequenceof elementarycells.

we describethe previous work relatedto the approachpre-
sentedhere.Section3 gives an overview of the algorithm
for the constructionand traversalof rectilinearBSP trees.
In Section4 we presenttheLCTS constructionalgorithmin
detail.Section5 describesutilizing LCTS for ray shooting
betweentwo patchesandhiddensurfaceremoval basedon
ray casting.Section6 presentsresultsbasedon a practical
implementation.Finally, Section7 concludesthepaperwith
severalpossibledirectionsfor futureresearch.

2. Previous Work

Theray shootingproblemcanbedefinedeasilyasto deter-
mine the closestintersectiongiven a ray with an object in
thescene.In spiteof thissimpledefinitiontheproblemitself
is difficult to solve efficiently for a largenumberof objects.
Thenaive algorithmtestsall objectsfor anintersectionwith
agivenray. Its Θ � N � timecomplexity makesit unacceptable
for numberof objectstypically usednowadays.

Ray shooting has been studied from different points
of view within the computationalgeometryand computer
graphicscommunities.Theapproachesof computationalge-
ometersare typically aimed at the worst–casetime com-
plexity andthealgorithmsanddatastructuresaremostlyre-
strictedto sceneswith polygons.Thereareseveralknown al-
gorithmsin � 3 spaceaccordingto thecertainrestrictionsof
objects.For example,Agarwal andSharir1 presentedanap-
proachthattakesO � log2 � K ��� querytimewith O ��� M � K � 2� ε �
preprocessingtime and spacefor M possibly intersecting
polyhedrawith a total K faces.Unfortunately, all known
approachesin computationalgeometryhave unacceptable
spaceand preprocessingtime complexity for sceneswith
only hundredsof objects.Szirmay–Kalosand Marton 30

statedthe lower boundΩ � logN� of worst–casetime com-
plexity for rayshooting,whereN is thenumberof objects.

The computergraphicscommunitydevotedmuchatten-
tion to practicalsolutionsregardlessof theworst–casetime
complexity. Even if the worst–casecomplexity of these

practicaltechniquesis unfavourable,thegoodaverage–case
complexity is the reasonwhy thesemethodsarecommonly
used in todays renderingpackages.The classificationof
thesetechniquesis given by Arvo 4 andmore recentlyby
Simiakakis26. In thispaper, wefollow theapproachof these
practicaltechniques.

The principle of spatial subdivision techniquesis the
reductionof ray–objectintersectiontestsby decomposing
scenespaceinto disjunctcells.The ray–objectintersection
is thencomputedusingonly objectsin cells locatedalong
theraypath.Althoughthenumberof intersectiontestsis re-
ducedsignificantly, thereare additionaltime requirements
for the traversal of thespatialsubdivision. Oneway of ray
shootingaccelerationis to improve thepropertiesof thespa-
tial subdivision and thus to lower the averagenumberof
intersectiontestsper ray. Another techniqueis to improve
the traversalalgorithmby decreasingthe numberof traver-
sal stepsor the costof a singletraversalstep.In this paper
wedealwith decreasingthenumberof traversalsteps.

Severalpapersrelatedto theapproachpresentedherehave
beenpublished.Conceptsof generalizedrays were intro-
duced;conetracing2, beamtracing17, andpenciltracing25.
Arvo andKirk 3 presentedarayclassificationmethod,which
subdividesthe five dimensionalray space.For eachcell of
this subdivision, a sortedlist of objectsis constructedand
a ray r is testedfor intersectiononly with objectscorre-
spondingto the elementarycell that is intersectedTby r.
SimiakakisandDaypresenteda techniquethatimprovesthe
spacecomplexity of ray classificationby adaptively subdi-
viding theray space27. Thememorycomplexity of this ap-
proachwas improved by Kwon et al in 21 by reducingthe
ray spacefrom five to four dimensions.The ray coherence
theorem23 is ageneralizationof thelight buffer 11 approach.
It usesdirectionalityof raysandabinarysearch.Hainesand
Wallace12 utilized the conceptof shaft; the ray–objectin-
tersectiontestsare restrictedonly to objectsthat intersect
a shaft connectingtwo patches.Teller and Alex 31 subdi-
vide theviewing frustumby combiningWarnock’svisibility
algorithmandbeamtracing.Similar useof coherencewas
presentedby GonzálesandGisbertfor anoctree8. Pyramid
clipping of a spatialsubdivision aimedat a parallel imple-
mentationfor ray traversalwaspresentedby vanderZwaan
et al 32. The techniqueof directedsafezonesutilizing free
adjacentelementarycells within a uniform grid was pub-
lished in 24. Genettiet al 7 presentedrecentlyan approach
for adaptive supersamplingin objectspace,usingpyramidal
rays.All the methodsmentionedutilize someconceptsof
coherence, thatweresurveyedby Gröller 9.

Themethodpresentedin thispaperis acombinationof di-
rectionaltechniqueswith a hierarchicalspatialsubdivision.
Wehavebasedourwork onBSPtrees,sincetherecentlypre-
sentedresults28 show thatadaptively constructedrectilinear
BSPtreesaremoreefficient for raytracingaccelerationthan
nowadayspopularhierarchicalgrids 20� 5.
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3. ClassicalAlgorithm Overview

In orderto describetheproposedtechniqueswe first briefly
review the constructionof rectilinear BSP trees for ray
shootingaswell astheclassicaltraversalalgorithm.

3.1. BSPTree

A rectilinearBinary SpacePartitioning tree (abbrev BSP
tree) is a higher dimensionalanalogyto the binary search
tree.A BSPtreefor a setSof objectsis definedasfollows:
Eachnodev in the BSP tree correspondsto a non–empty
axis–alignedbox Bv, we call this box a cell. The cell as-
sociatedwith the root of the tree is the boundingbox of
all objectsfrom S. Eachinterior nodev of BSPtree is as-
signeda cutting planeHv, that divides Bv into two cells.
Let H �v bethepositive halfspaceandH �v thenegative half-
spaceboundedby Hv. Thecellsassociatedwith theleft and
the right child of v areBv 	 H �v andBv 	 H �v , respectively.
The left subtreeof v is a BSP tree for the set of objects
S�v 
�� s 	 H �v 

���� s � Sv � , theright subtreeis definedsim-
ilarly. Eachleafnodel containsa list of objectsSl thatinter-
sectthe nodeboundingbox Bl . The leavesof the BSPtree
areeitheroccupiedby objectsor vacant.A two dimensional
exampleof aBSPtreeis depictedin Figure2.

Figure2: A twodimensionalexampleof a BSPtree.

Theorthogonalityof thecuttingplanesof a BSPtreesig-
nificantlysimplifiesthecomputationof rayshootingqueries.
Thecomputationcostof thesigneddistancet of intersection
point of a ray with the cutting planeis roughly threetimes
lower thanfor anarbitrarypositionedplane.

A BSPtreeis constructedhierarchicallyin topdown fash-
ion. At a currentleaf l a cutting planeis selectedthat sub-
dividesBl into two cells.The leaf thenbecomesan interior
nodewith two new leaves.The objectsof l aredistributed
into new descendantsof l . The processis repeatedrecur-
sively until certainterminationcriteriaarereached.

An important featureof the rectilinear BSP tree is its
adaptabilityto the scenegeometrythat is inducedby pos-
sibility to positionthe cutting plane.Traditionally, the cut-
ting planeis positionedin themid–pointof thechosenaxis,
andtheorderof axesis regularlychangedonsuccessive lev-
els of the hierarchy19. Another methodusesadaptive po-
sitioning of cutting planeswhenthe positionof the cutting
planeis chosenalongthewholerange22 usingsurfacearea

heuristics.We usethe latter approachthat canimprove the
performanceof BSPtree for ray shootingqueriesover the
mid–point subdivision schemeby ordersof magnitude13,
especiallyfor sparselyoccupiedscenes.

3.2. BSPTreeTraversal

Givena ray anda BSPtreewe needto identify elementary
cells along the ray path.This task is solved by a traversal
algorithm15� 18� 29.

Herewe only recall thebasicideaof theBSPtreetraver-
sal.At eachnodeof theBSPtreewe determineoneof four
possiblecases:to traverseonly the left child, only the right
child, the left child first andthenthe right one,or the right
child first andthentheleft one.Whenbothchild nodeshave
to be traversed,the farthernodeis storedon the traversal
stack and the nearerone is traversedfirst. This algorithm
proceedsrecursively until a leaf nodeis encountered.The
objectsin the leavesaretestedfor intersectionwith theray.
If thereis an intersectionof ray with object(s)lying in the
leaf’s boundingbox, the objectclosestto the ray origin is
selectedand the traversalterminates.Otherwise,a nodeis
poppedfrom the traversal stack and ray traversal contin-
uesasdescribedabove until an intersectionis found or the
traversalstackis empty(no intersectionis found).

It is obviousthattheray traversalincludesthedetermina-
tion of traversalorderof thenodesof thehierarchystarting
alwaysfrom therootnode.Thisbehaviour canbeeliminated
by extendingtheBSPtreeby neighbour–links (ropes)14� 22.
The modifiedtraversalalgorithmusestheselinks to deter-
minethenext elementarycell piercedby thegivenray. Since
theselinks usually point to ratherdeepnodesof the hier-
archyor even leaf nodes14, the numberof traversedinte-
rior nodescanbedecreasedsignificantly. On theotherhand
thecostof the traversalstepfrom the leaf nodesis slightly
higher.

The proposedapproachesaim to combineadvantagesof
boththehierarchicalandlink basedtraversalof theBSPtree
for a restrictedsetof rays.

4. Construction of LCTS

The LCTS is constructedfor a convex shaft definedby a
setof boundaryrays. Typically, theseraysform edgesof a
frustum(if they sharetheorigin) or edgesof a tunnel(if the
raysare parallel).For eachof the boundaryrays a traver-
sal history is stored.This information is usedto construct
theLCTS,thatis commonto all raysbelongingto theshaft.
Wedistinguishbetweentwo typesof LCTS.Thefirst type–
SLCTS(simpleLCTS) exploits coherenceof traversalusing
only leaf nodesof thehierarchy. Thesecondone– HLCTS
(hierarchical LCTS) allows traversalcoherenceto be used
for hierarchicalnodesaswell, but requiresmorecomputa-
tionaleffort for its construction.

c
�

TheEurographicsAssociationandBlackwell Publishers2000.



Havran,Bittner / LCTS

4.1. SLCTS

The conceptof SLCTS is depictedin Figure1. Assumea
convex shaftdefinedby several raysthat traversethe same
sequenceSof elementarycellsof a BSPtree.Thenanarbi-
trary ray lying within theshafttraversessequenceSaswell.
Theorigin of theray hasto bepositionedin theshaft(if the
shaft is a tunnel).Therearesomepotentialproblemsto be
solvedfor SLCTSasdepictedin Figure3:

1. No common sequenceof leaf nodesexist (Figure 3,
case1).

2. Having someinitial sequenceof elementarycells S for
the raysdefininga LCTS, thenthe lastcommoncell for
themis known. If araydoesnothit any objectin S, which
cellshave to betraversedthen? (Figure3, case2).

Figure 3: Two potential problemsof SLCTSto be solved.
Thenumbers mark thedepthof thecuttingplanesin thehi-
erarchy.

We usea simplesolution to the first problem;we apply
any traditionaltraversalalgorithmfor BSPtree.Thesecond
problemis solvablefor BSPtreeswith theuseof neighbour–
links. Whenno object is intersectedusing the sequenceS,
then the ray traversal is performedfurther using the links
(ropesand rope trees)to neighbour–leaf cells. It is worth
mentioningthe SLCTSis applicablenot only to BSPtree,
but for any spatialsubdivision,whichenablesusto continue
thetraversalwithout thedown–traversalphase,e.g.uniform
grids.

4.2. HLCTS

ThesecondproposedmethodusestheHLCTS andexploits
also traversalcoherenceof interior nodesof the hierarchy.
Wedescribethedetailsof HLCTSconstructionandtraversal
below.

4.2.1. Traversal Trees

A traversalhistory for a given ray canbe storedby means
of a traversal tree. Thetraversaltreeis a binarytree,where
eachnodeN of thetreecorrespondsto anodeB in thescene
BSPtreethatwasvisitedin thescopeof thetraversal.Addi-
tionally, thenodecontainstheinformationaboutthefurther
traversal(traversaldecision)that reachesoneof thefollow-
ingfivestates:LEFT, RIGHT, LEFT/RIGHT, RIGHT/LEFT,

and TERMINATION. The traversalstateTERMINATION
correspondseitherto piercedleaf–nodesof theBSPtreeor
interior nodesthat werepushedon the traversalstack,but
as the ray hasbeenterminated,thesenodeswerenot used
for further traversal.Othertraversalstatesexpresstheorder
of the traversalof the BSPtree“below” the nodeB. Addi-
tionally, nodeN containsa pointerto an exit–plane, that is
a planeboundingthenodeB cell alongthedirectionof the
ray (seeFigure4). Theuseof exit–planepointerwill bede-
scribedfurtherin thetext.

If thenodeN is not a leaf, thentheleft child corresponds
to the BSP tree node B1 that was visited first during the
traversal.Theright child (if any) correspondsto theBSPtree
nodeB2 pushedonthetraversalstackandthusvisitedlateror
unvisited(if therayhasbeenterminatedbeforereachingthis
node).SeeFigure4 thatdepictsanexampleof thetraversal
treestructure.

4.2.2. Constructing Initial HLCTS

The initial HLCTS is constructedusing n traversal trees
(n � 1) determinedfor n boundaryraysof a given convex
shaft.Usingconvexity, it canbeshown thatthetraversalde-
cisionfor a givennodeof theBSPtreedoesnot changefor
all rayswithin theshaftif thecorrespondingtraversaldeci-
sionsfor all boundaryraysareequal.Thehierarchicaltraver-
salof suchnodescanbe avoidedby descendingthehierar-
chy andconstructingan orderedsequenceof nodeswhere
the traversalstateis no longer equal.The HLCTS can be
seenasa cuton theBSPtreeat thelevel wherethetraversal
canno longerbeprecomputedfrom thetraversalhistoriesof
theboundaryrays.Figure5(a) depictstheboundaryraysof
a frustum.

The HLCTS construction algorithm performs a con-
straineddepthfirst searchin parallelon all n traversaltrees.
If thetraversalstatesassociatedwith all n currentlyreached
interior nodesare equal, the algorithm is applied recur-
sively first on the left child and thenon the right child (if
any). If the reachednodesare leavesof the traversaltrees
(state=TERMINATION) or thetraversalstatesarenotequal,
theHLCTS is enlargedusingthe BSPtreenodeassociated
with the reachednodes.Additionally, eachHLCTS entry
containsn pointersto the associatednodesof the traversal
trees(seeFigure5(b)). Theirusewill beexplainedfurtherin
thetext.

Oncethe initial HLCTS hasbeenconstructed,it canbe
usedto initiate the traversal for all rays within the corre-
spondingshaft. The traversalstackcan be filled using all
nodesof theHLCTS.Notethatcommonlyusedtraversalal-
gorithm usually assumesthat the entry andexit points are
known for thecurrentnode.Usinga HLCTS thesemustbe
computedexplicitly for eachvisited nodeof the HLCTS,
sincethey have not beendeterminedrecursively as in the
classicaltraversalalgorithm.Thepointersto exit planesare
usedto solve this problem.
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Figure 4: (a) Exit plane – the ray leavesthe marked leaf nodeat the face in the exit plane that is formedby the cutting
planeof theroot node. (b) Traversal treecorrespondingto theray path.Notationfor nodesof traversal tree:L – LEFT, L/R –
LEFT/RIGHT, R– RIGHT, T - TERMINATION.

4.2.3. Constructing GeneralHLCTS

The HLCTS for a given shaft can be refined further by
constructingHLCTS for its sub–shafts.Nevertheless,if the
traversalof thehierarchydoesnot originateat theroot node
of theBSPtree,the traversalhistoryno longercorresponds
to a singletree.Instead,it is storedasa sequenceof traver-
sal trees,with their rootscorrespondingto thenodesof the
HLCTS,thatwasusedto initiate thetraversal.

We considerconstructingHLCTS for then traversalhis-
torieswith thefollowing properties:

1. all traversalhistorieshave beengeneratedfrom thesame
HLCTS andthusthey correspondto sequencesof traver-
saltreesof thesamelength.

2. k traversalhistorieshave beengeneratedfrom the same
HLCTS,sayL. Othern � k historieshavebeengenerated
before,but they have beenusedto establishL.

Thefirst casecanbesolvedsimply, by applyingthepre-
viously mentionedalgorithmon all n–tuplesof root nodes.
If thealgorithmis implementedusingastack,thesen–tuples
canbeinitially pushedon thestackin thereverseorder.

In thesecondcasetheinformationstoredwithin L is used.
Althoughthen � k “old” traversalhistoriescorrespondto se-
quencesof traversaltreesof lengthx � � L � , eachentryof L
containspointersto thetraversaltreenodes,thatcorrespond
to thisHLCTSentry. Usingthesepointersthe“old” traversal
historiescanbeaccesseddirectly at the“level” correspond-
ing to L. Thusthealgorithmis appliedonn–tuplesof traver-
salhistorynodes,wherek entriescorrespondto rootsof the
traversaltreesgeneratedusingL. Othern � k entriesarede-
terminedusingappropriatepointersstoredwithin entriesof
L. Theproblemandits solutionareillustratedin Figure5(c).

4.3. Further Impr ovements

In this sectionwe presentseveral improvementsthatcanbe
usedin the scopeof the constructionof both SLCTS and
HLCTS.

4.3.1. Unification of Empty Leaves

AlthoughtheBSPtreeis built adaptively with respectto the
scenegeometry, it canhappenthattheLCTScontainsasub-
sequenceS of entriescorrespondingto emptyleavesof the
sceneBSPtree.This is depictedin Figure6. TheLCTScon-
structionalgorithmcanbemodifiedto detectsuchsituation
andto replaceSwith a singleentry. This approachis analo-
gousto directedsafezones24 thatwould beconstructedon
thefly.

The modificationof the LCTS constructionalgorithmis
straightforward.If a new LCTS entryE thatcorrespondsto
anemptyleafnodeis to beadded,it is first checkedif thelast
entry L of the constructedLCTS correspondsto an empty
leaf of theBSPtree.If this is thecase,theLCTS is not en-
largedby E. Insteadthe “exit–plane–node”of E is usedto
replacetheexit–plane–nodeof L. In sucha way, thespatial
extent correspondingto L is enlargedproperly for all rays
within theshaft.It is necessaryfor thecorrectbehaviour of
theray traversalalgorithm.

4.3.2. Termination Object

A remarkablereductionof traversalstepscan be obtained
by determiningasingleconvex terminationobjectthatis hit
by all raysin a givenconvex shaft.It is possibleonly if the
origin of the raysis somehow restricted.This holdsfor ex-
amplefor a pyramidalshaftwhereall raysoriginateat the
samepoint.

If thereis a terminationobject, the ray traversalcan be
eliminatedcompletely. UsingLCTS we canperforma sim-
ple testthatoptionallydeterminestheterminationobjectfor
theLCTS. Thepresentedapproachis conservative, sinceit
doesnot alwaysdeterminethe terminationobjecteven if it
exists,but it never givesa wrong answerif no termination
objectexistsfor a givenshaft.

The terminationobjectexists if all of the following con-
ditionshold:
� Condition1 – all boundaryraysof theshafthit thesame

objectO andareterminatedin thesamecell C.
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Figure 5: HLCTSconstructionanduse:(a) Underlyingge-
ometry, two boundaryraysRA andRB, the ray RC between
boundary rays, and the regions definedby the rays. (b)
HLCTSL1 generatedfromtwo traversal historiesTHA and
THB correspondingto boundaryraysRA andRB. (c) HLCTS
L2 generatedfromtraversal historiesof differentnumberof
roots, that is using THA and THC traversal historiesand
HLCTSL1. THA is accessedusingL1, THC containsfour
root nodesgenerated from L1. Notation: � X – cut of the
traversal historycorrespondingto HLCTSX. TH – traver-
sal history; THA, THB for boundaryrays,THC for a ray
betweenboundaryrays.

� Condition2 – objectO is convex andit is theonly object
intersectingthecell C.� Condition3 – thecellsvisitedbeforereachingthecell C
areempty.

If the unificationof emptyleavesdescribedabove is ap-
plied, the last condition reducesto one of the following
cases:

� Condition3a– thecell C correspondsto thefirst entryof
theLCTS.� Condition3b – thecell C correspondsto thesecondentry

Figure 6: Unification of emptyleaves.For two rays with
commonorigin threeemptyleavescanbefound.

andthefirst onecorrespondsto anemptyleaf (unification
of emptyleaves).

4.3.3. Initial Leaf Sequencefor HLCTS

This improvement is applicable to HLCTS only. If the
HLCTS correspondsto a shaftthat formsa pyramid, it can
be expectedthat the first entriesof the HLCTS correspond
to leavesof theBSPtree.In sucha casethis initial leaf se-
quenceof HLCTSformsa SLCTS.

With eachHLCTSwekeepasinglevaluek thatexpresses
thenumberof leavesat thebeginningof theHLCTS. If k 

�HLCTS� , the sequencecorrespondsto a sequenceof leaf
nodesof the BSP tree.In this caseit forms a SLCTSand
cannotberefinedany longer.

The HLCTS constructionalgorithm can be modified to
copy the first k leaf nodesfrom the “parental” sequence
L without performingany matching.The previously men-
tionedHLCTS constructionalgorithmis appliedstartingat
thenode � k � 1� -th nodeof theHLCTS.Similarly, theindex
k canbeexploitedin thetraversalalgorithmwherethefirst k
nodescanbevisitedwithoutusingany traversalstack.If the
traversalis terminatedbeforereachingthe � k � 1� -th node,
thestackinitialization is completelyavoided.

5. Application of LCTS

The ray shootingwith LCTS conceptcanbe usedin many
globalilluminationtechniquesbasedondiscretesamplingof
spacevia raysasray tracing,photontracing,Monte Carlo
methods,shadow determination,form factor computation
etc. We discussheretwo techniquesthat can be usedin a
moregeneralway, namelypatch–to–patchvisibility andhid-
densurfaceremoval.

5.1. Patch–to–patchVisibility

For thepurposeof computingpatch–to–patchvisibility fac-
tors, the HLCTS is more suitable,since it can occur that
thereis noSLCTSfor thegiventwo patches.
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Thetaskis to determinemutualvisibility usingrayshoot-
ing for a giventwo patchesin thescene.We createa convex
hulls of both patches,thenwe determinethesetSR of rays
thatform boundaryraysof aconvex shaftbetweenthesecon-
vex hulls. We thenconstructthe traversaltreesfor eachray
in SR and the correspondingHLCTS, that is subsequently
usedfor anyraybetweenthepatches.

This applicationof HLCTS is similar to the conceptof
shaftculling 12, but therearemajor differencesin the way
of obtainingthe desiredset of cells intersectingthe shaft.
In theclassicalshaftculling shaft–cellintersectiontestsare
performed,whichcanbecostly. TheHLCTStechniqueuses
only ray shootingand then only non–geometriccomputa-
tions for HLCTS construction,which is lessexpensive. It
is worth mentioningthat the resultsof applying thesetwo
techniquesneednotbethesame.Generally, theHLCTS de-
terminesa supersetof cells determinedby classicalshaft
culling, but in muchmoreefficient way.

5.2. Hidden SurfaceRemoval

Hiddensurfaceremoval usingray shootingis usuallycalled
ray casting. For this purpose,both HLCTS and SLCTS
aresuitable;significantreductionof traversalstepscan be
achieved by usinga terminationobjectasmentionedin the
previouschapter.

The commonorigin of rays(viewpoint) that inducesthe
initial sequenceof thefirst commonnodesin LCTS is likely
to beasequenceof leaves(SLCTS).Themoreparaxialrays,
thelongertheinitial SLCTS.Assumingthecellsarefarther
from theviewpoint, theraysaremorelikely not to generate
thesamesequenceof BSPtreeleaves.Thusscenegeometry,
BSPtreeproperties,andthe imageresolution,influencethe
level of utilization of traversalcoherence.

Thereareseveralpossibilitieshow to exploit theconcept
of LCTS for hiddensurfaceremoval. We candealwith an
imageaswith a two–dimensionalarrayor aswith an array
of one–dimensionalarrays(scanlineapproach).Sinceboth
SLCTSandHLCTS techniquescanbeapplied,we have ex-
actly four cases:

� SLCTS–1D Scanlinewith SLCTS: this approachis ba-
sically undersamplingon a scanline,creatingSLCTSfor
two adjacentsamplesandusingthis SLCTSto compute
samplesbetweenthem.This schemeis depictedin Fig-
ure7(a).� HLCTS–1D Scanlinewith HLCTS: this approachcanbe
implementedasabove,but a betterutilization of traversal
coherencecombinesHLCTS with bisection.The initial
HLCTS is incrementallyrefined.Theschemeis depicted
in Figure7(b).� SLCTS–2DTwo–dimensionswith SLCTS:thesampling
canbeperformedasundersamplingm � n pixels.Having
thesequenceof traversedleavesfor the four cornersof a

rectangle,theSLCTSis createdandusedfor samplesin-
sidetherectangle.TheSLCTS-1Dcanbeseenasspecial
case,whenn 
 1. Theschemeis depictedin Figure7(c).� HLCTS–2D Two–dimensionswith HLCTS:thebisection
is appliedin two dimensions;theaxis for splitting is reg-
ularly changed.At thebeginningfour rayscorresponding
to thepixelsin theimagecornersarecast.In onebisection
step,four raysarecastagainandtwo new rectanglesare
created.SeeFigure7(d).

Figure 7: Hidden surfaceremoval samplingpatterns for
LCTS: (a) SLCTS–1D(b) HLCTS–1D(c) SLCTS–2D(d)
HLCTS–2D.Thenumbers mark theorder how the raysare
cast.

We shallpointout thatall thesesamplingschemescanbe
appliedmoresuccessfullywhentheimageresolutionis high
with respectto thespacesubdivision projectedto theimage
plane.In this case,many areasin theimagehave a common
traversalsequence,thatoftenform SLCTS.

Note that SLCTScould alsobe usedwith bisection,but
sincethe rays correspondingto cornerpixels are far from
beingparaxial,theseraysdo not generateany SLCTS.As
we expected,we have foundthattheundersamplingmethod
is moreefficient for theSLCTSconcept.

6. Results

We implementedall the samplingtechniquesmentionedin
the previous chapterfor hidden surface removal and the
HLCTSapproachfor rayshootingbetweentwo patches.For
testing,weusedscenesfrom Standard Procedural Database
introducedby Haines10 andscenefluid, which depictsthe
simulationof liquid flow. BSPtreesfor all thesceneswere
built usingthesurfaceareaheuristics22.

Thebasicscenepropertiesandthenumberof leavesof the
constructedBSPtreesarelisted in Table1. Thetermination
criteriafor BSPtreeconstructionwere:themaximumdepth
of BSPtreeequalto 16, thethresholdfor a nodeto become
a leaf equalto 2 objects.
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Scene balls fluid gears lattice mount rings teapot tetra tree

objects 7382 2515 9345 8281 8196 8392 9264 4096 8191

spheres 7381 2514 9345 2197 4 4195 - - 4095
polygons 1 1 - - 8192 1 9264 4096 1
cones - - - - - 1 - - 4095
cylinders - - - 6084 - 4195 - - -

BSPtreeleaves 5253 1917 13830 25689 8554 12924 2387 2972 3426

Table1: Testingscenesproperties

6.1. Patch–to–patchVisibility

We have observed that it is difficult to predict the time re-
duction in advance.If only a low numberof raysbetween
thepatchesis cast,thentheHLCTS constructiontime is not
usually recoveredlater. For tensand hundredsof rays be-
tweenthe patchesthe HLCTS constructionis worthwhile,
particularly, when the patchesare incrementallyrefinedas
in thehierarchicalradiosityalgorithms.Thereductionof the
numberof traversalstepsdependsontheshapeandtheposi-
tioningof theconstructedshaftin thescene.Themoreelon-
gatedshaftanddeepertheBSPtree,thebetterresultscanbe
achieved.

6.2. Hidden SurfaceRemoval

We testedhiddensurfaceremoval usingray shootingwith
hierarchicaltraversal,rope traversal,SLCTS–1D,SLCTS–
2D, HLCTS–1D,andHLCTS–2D.Thenumberof intersec-
tion testsper ray (thesamefor all the traversalmethodson
the samescene)and the numberof traversalstepsfor pri-
mary raysfor the1024 � 1024imageresolutionandfor all
the traversalmethodsis shown in Table2. Thehierarchical
traversal15 wasusedasa referencefor comparison.A rope
traversal designatesthe method,wherethe rope tree tech-
nique 14 is usedwithout LCTS. The running times in the
bothtablesincludetheconstructionof LCTSs,thatarebuilt
on thefly, sonoadditionalpreprocessingis performed.

Table3 shows the sensitivity of differenttraversalmeth-
odsto theresolutionof theimagefor thesceneteapot.

Note that the pureropetreetraversalmethodis not effi-
cientcomparedto ahierarchicaltraversal.Thefirst reasonis
the costof onetraversalstepis slightly higherthanfor the
hierarchicaltraversal.The secondreasonis that for hidden
surfaceremoval for testedscenesraysarecastfrom outside
thescene,somany emptyvoxelshave to betraversedbefore
hitting anobject.Theropetreetraversalis moresuitablefor
higherorderrays,thatoriginateonthesurfacesof objects14.

Figure8* visualizesthetraversalcoherencefor thescene
mountandthe SLCTS–2Dmethod.It is obvious that most
pixelsin theprojectionhaveat leastonecommoninitial leaf
node.

All theexperimentswereconductedontheSGIO2, MIPS
R10000, 180 MHz, 256 MBytes RAM running the Irix
6.3 operatingsystem.The traversalalgorithmswereimple-
mentedwithin theGOLEM renderingsystem6.

6.3. Discussion

Thesuccessfuluseof theLCTS conceptfor patch–to–patch
visibility is conditionedby thenumberof raysshotbetween
the patches.Similarly, the applicationof LCTS for hidden
surfaceremoval via ray castingdependson the imagereso-
lution.

Let us discussthe propertiesof hiddensurfaceremoval
using ray shootingwith LCTS in detail. Time savings are
scene–dependent,nevertheless,this is the casefor all the
practicalrayshootingtechniques.It follows from theresults
thathierarchicaltraversalstepsto thefirst leaf aresuccess-
fully avoided, total numberof traversalstepsis decreased
typicallyby morethan60% (for scenelatticeevenby 78%).
This correspondsto the time reductionof 20 % on aver-
age,sincethenmostof the computationis thendevotedto
ray–objectintersections.Thetotal time doesnot includethe
shading,theratio of time devotedto theray shootingto the
timeof thewholeraytracingis scenedependentandreaches
from 40 % to 75% for usedtestscenes13.

Notethatthehierarchicaltraversalalgorithm15 for anar-
bitrary ray usedas referencesolution is highly optimized
andimprovesthepreviously publishedtraversalalgorithms
in termsof optimal numberof decisionsper one traversal
step.Our preliminary results16 show that the solution us-
ing this traversalalgorithmis very closeto theoptimalone
thatcanbeeverachievedfor hiddensurfaceremoval casting
individual rays(please,seethenumberof ray–objectinter-
sectiontestsper ray and the numberof traversalstepsper
ray in Table2). It meansthat improving performanceof hi-
erarchicalrayshootingalgorithmby another20% usingthe
LCTSconceptis significant.

A specialnoteshouldbegivento thesettingof undersam-
pling resolutionfor SLCTSapproaches.We canobserve the
tradeoff betweentheundersamplingresolutionandthepos-
sible existenceof SLCTS or/andits properties.If we take
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Scene balls fluid gears lattice mount rings teapot tetra tree

Intersections/ray 7.40 5.26 4.07 8.75 3.52 10.9 2.96 1.44 6.49

hierarchicaltraversal
TSPR1024� ��� 30.4 20.5 16.6 49.9 30.7 41.3 22.2 13.7 23.2
τ1024� s� 15.4 12.1 48.1 25.6 12.9 28.6 11.5 7.46 16.1
α1024� ��� 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
η1024� ��� 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
η4096� ��� 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

ropetraversal
TSPR1024� ��� 26.2 18.5 15.6 19.1 26.8 34.2 19.0 11.6 16.9
τ1024� s� 16.0 13.2 48.2 23.5 13.4 31.9 12.2 8.65 16.7
α1024� ��� 0.862 0.902 0.940 0.383 0.873 0.828 0.856 0.847 0.728
η1024� ��� 1.04 1.09 1.00 0.918 1.03 1.12 1.06 1.16 1.03
η4096� ��� 1.02 1.09 1.00 0.913 1.02 1.01 1.06 1.15 1.02

SLCTS–1Dwindow 5 � 1 pixels
TSPR1024� ��� 13.2 8.19 7.13 11.6 11.9 15.7 8.46 5.70 9.83
τ1024� s� 14.7 11.2 47.7 20.8 11.0 28.6 10.6 8.32 15.9
α1024� ��� 0.434 0.400 0.430 0.234 0.388 0.380 0.381 0.416 0.424
η1024� ��� 0.958 0.925 0.990 0.812 0.853 0.999 0.925 1.16 0.988
η4096� ��� 0.846 0.891 0.977 0.785 0.787 0.947 0.871 0.987 0.947
γ1024� ��� 0.964 0.993 0.871 0.999 0.938 0.981 0.833 0.560 0.999

HLCTS–1D
TSPR1024� ��� 10.1 6.01 5.58 13.8 8.52 11.0 6.35 4.65 7.66
τ1024� s� 14.7 11.0 48.1 22.3 11.8 27.5 10.6 7.39 15.6
α1024� ��� 0.332 0.293 0.336 0.277 0.278 0.266 0.286 0.339 0.33
η1024� ��� 0.958 0.907 0.998 0.872 0.913 0.960 0.929 0.990 0.970
η4096� ��� 0.820 0.820 0.972 0.775 0.752 0.868 0.816 0.851 0.895

SLCTS–2Dwindow 5 � 5 pixels
TSPR1024� ��� 12.4 7.23 6.46 10.8 10.7 13.8 7.73 5.45 9.13
τ1024� s� 12.6 10.3 46.7 19.7 9.99 27.2 9.69 7.24 15.1
α1024� ��� 0.408 0.353 0.389 0.216 0.349 0.334 0.348 0.398 0.394
η1024[-] 0.819 0.845 0.971 0.768 0.772 0.949 0.846 0.97 0.939
η4096� ��� 0.749 0.800 0.956 0.730 0.691 0.890 0.796 0.892 0.896
γ1024� ��� 0.919 0.980 0.780 0.999 0.916 0.971 0.798 0.525 0.990

HLCTS–2D
TSPR1024� ��� 11.3 6.56 6.37 14.8 9.35 12.7 7.31 5.32 8.61
τ1024� s� 13.6 10.3 47.5 21.7 10.4 26.4 9.60 6.31 14.6
α1024� ��� 0.372 0.32 0.384 0.297 0.305 0.308 0.329 0.388 0.371
η1024[-] 0.887 0.849 0.987 0.846 0.805 0.921 0.838 0.846 0.903
η4096[-] 0.800 0.784 0.964 0.782 0.691 0.857 0.751 0.719 0.855

Table 2: Comparisonof traversal algorithmsfor hiddensurfaceremoval basedon ray casting. Intersections/ray – numberof
ray–objectintersectionsper ray on average. TSPR1024 – numberof traversal stepsper ray on average for specifictraversal
methodandtheresolution1024 � 1024. τ1024– thetimefor rayshootingonly (withoutshading)for a specifictraversal method
for theresolution1024 � 1024. α1024 – theratio betweenthenumberof traversal stepsfor thespecificmethodandthenumber
of traversal stepsof hierarchical traversal algorithmfor theresolution1024 � 1024. η1024 – theratio betweenthetimeof the
methodandthetimeof hierarchical traversalalgorithmfor theresolution1024 � 1024. η4096– theratio betweenthetimeof the
methodandthetimeof hierarchical traversal algorithmfor theresolution4096 � 4096. γ1024 – theratio of numberof SLCTS
sequencesthat containsat leastoneleaf to thenumberof all possiblesequencesfor theresolution1024 � 1024.
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Resolution 256 � 256 512 � 512 1024 � 1024 2048 � 2048 4096 � 4096

hierarchicaltraversal
TSPR� ��� 22.1 22.2 22.2 22.2 22.2
τ � s� 0.734 2.89 11.5 45.6 182
α � ��� 1.00 1.00 1.00 1.00 1.00
η � ��� 1.00 1.00 1.00 1.00 1.00

ropetraversal
TSPR� ��� 18.9 19.0 19.0 19.0 19.0
τ � s� 0.792 3.08 12.2 48.4 193
α � ��� 0.855 0.856 0.856 0.856 0.856
η � ��� 1.080 1.066 1.064 1.060 1.057

SLCTS–1Dwindow 5 � 1 pixels
TSPR� ��� 11.4 9.87 8.46 7.31 6.41
τ � s� 0.741 2.77 10.6 40.6 159
α � ��� 0.516 0.445 0.381 0.329 0.289
η � ��� 1.010 0.959 0.924 0.889 0.871

HLCTS–1D
TSPR� ��� 10.7 8.30 6.35 4.91 3.94
τ � s� 0.782 2.87 10.6 39.6 149
α � ��� 0.484 0.374 0.286 0.221 0.177
η � ��� 1.065 0.990 0.929 0.868 0.815

SLCTS–2Dwindow 5 � 5 pixels
TSPR� ��� 11.6 9.65 7.73 6.09 4.75
τ � s� 0.683 2.55 9.69 36.9 145
α � ��� 0.525 0.435 0.348 0.274 0.213
η � ��� 0.930 0.883 0.846 0.809 0.796

HLCTS–2D
TSPR� ��� 12.4 9.70 7.31 5.43 4.09
τt � s� 0.711 2.60 9.60 35.8 137
α � ��� 0.561 0.437 0.329 0.244 0.184
η � ��� 0.969 0.90 0.838 0.784 0.751

Table 3: Comparisonof traversal algorithmsfor primary raysfor the sceneteapotat different resolutions.TSPR – number
of traversal stepsper ray on average for a specifictraversal method.τ – the time for ray shootingonly (withoutshading)for
a specifictraversal method.α – the ratio betweenthe numberof traversal stepsfor the specificmethodand the numberof
traversal stepsof thehierarchical traversal algorithm.η – theratio betweenthetimeof thespecificmethodandthetimeof the
hierarchical traversal algorithm.

lesssamplesfor whole SLCTS, thereis lower probability
of possibletraversalstepsreductionfor constructedSLCTS.
Thenumberof samplesneededto constructoneSLCTSwas
alwaysconstant,eithertwo (SLCTS–1D)or four (SLCTS–
2D). Let ushave pixelsonascanlineandconstructSLCTS–
1D for two pixels.Let n bethedistancebetweenthetwo pix-
els.We canthenusetheconstructedSLCTSfor N  
 n � 2
pixelsif suchaSLCTSexists.Theundersamplingresolution
n 
 5 pixelsis areasonablecompromise.Thesameholdsfor
SLCTS–2D,when we set the undersamplingresolutionto
5 � 5 pixels. In general,SLCTS–2Denablesto useSLCTS
(if SLCTSexists) for N   
 n �m � 4 �!� m � 2�"�#� n � 2� 


n �m � n � m pixels. For high resolutionimages,n (andm)
canbesetevento a highervalue.

Obviously, the two–dimensionalLCTS methodscanbet-
terexploit coherencepropertiesthanone–dimensionalones.
TheHLCTSreachesbettertime reductiononly for high res-
olution, mainly becausethe costof HLCTS constructionis
higherthanfor SLCTS.
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(a) (b)

(c)

Figure 8: Visualizationof thetraversal coherenceof SLCTS–2Dfor thescenemount(a) Normalray tracing. (b) Blendedwith
thecolor for pixels:white – samplingpixels,red– thepixelsfor which existsa commontraversal sequencewith at leastone
leaf, green– thepixelsfor which theterminatingobjectwasfound,blue– thepixelsfor which is knownthatnoobjectcanbehit,
black– thepixelsfor which no LCTSwasfound.(c) Thezoomedin part of image (b), where samplingpatternis more visible.

7. Conclusionand Futur eWork

In this paperwe have studieda new way of exploiting co-
herencein ray shootingwith BSP trees.We tried to avoid
asmuchhierarchicaltraversalstepswithin the spatialhier-
archyas possibleand at the sametime to preserve all the
advantagesof usingthehierarchy. Two conceptsfor longest
commontraversalsequencehave beenintroduced;SLCTS
andHLCTS.Thepresentedtechniquesenableusto decrease
thenumberof traversalstepsfor hiddensurfaceremoval typ-
ically by morethan60%.For high resolutionimagesthere-
ductionof traversalstepsis evenmoreremarkable.

Thereareseveral topicsfor future researchbasedon the
LCTSconcept.It couldbeusedfor higherorderraysin vari-
ousglobalilluminationalgorithmssimilarly to beamtracing.
It canbeappliedif theraysof thefirst order(primaryrays)

have the sameterminationobjectandcreatea shaft,that is
thencompletelyreflectedor refracted.Further, otherimage
spacesamplingpatternssuitablefor LCTS applicationthan
thosementionedin this papershouldbe studied.The auto-
maticsettingof theSLCTSundersamplingresolutionbased
onanestimationof scenepropertiesandtheuseof LCTS in
renderingof animationsequencesarealsopossibletopicsof
research.
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