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Abstract

RectilinearBinary Space Partitioning (BSP)treesareof-
tenusedfor solvingvarioustypesof rangesearchingprob-
lemsincludingray shooting.We proposea novel method
for constructionof rectilinearBSP treesfor a preferred
set of ray shootingqueries. Particularly, we study ray
setsformedby fixing eitherthe directionor the origin of
rays.Weanalyseanddiscussthepropertiesof constructed
trees. Theoreticalconsiderationsare followed by results
obtainedfrom thepracticalimplementation.

Keywords: ray shooting,ray casting,spatialdatastruc-
tures,BSPtree,clipping.

1 INTRODUCTION

Visibility determinationis a fundamentalproblemof com-
putergraphics.Onerathersimplebut very importanttask
for globalilluminationis rayshooting[Watt92].Theprob-
lem is statedas follows: given a ray find its nearestin-
tersectionwith objectsin the scene.The trivial solution
would test every object for intersectionwith the ray in�����	�

time. For complex scenesthis time complexity is
very restrictive sincea large amountof raysis neededto
synthesiseanimage.

In ourcontributionwestudythepossibilityof construct-
ing a rectilinearBSP tree with improved time complex-
ity for preferredset of ray shootingqueries. We do not
try to boundthe worst casecomplexity. Instead,we ex-
ploit a heuristicapproachto improve the averagequery
time [Arvo89a].

Firstly, weselectapreferreddirectionof rays,for which
the ray shootingshould be as much as efficient. This
setcorrespondsto raysinvolvedin theparallelprojection.
Secondly, we form thepreferredray setby fixing theori-
gin of rays. This ray setis relatedto theperspective pro-
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jection. An importantaspectof our approachis that the
constructedBSPtreescanbeusedfor otherthanpreferred
ray setsas well. Nevertheless,in the later casethe ex-
pectedtime complexity of thevisibility queryis higher.

The paper is organisedas follows: Section 2 out-
linessomepreliminariesregardingto theconstructionand
traversalof BSP trees. In Section3 the constructionof
BSP treesfor preferredsetsof rays is introduced. Sec-
tion 4 presentsresultsandthestatisticalevaluationof the
proposedmethod.Finally, Section5 concludesthe paper
outlining severaldirectionsfor futurework.

2 BSP TREES

A rectilinearBSPtree( �
����� 1) is a higherdimensional
analogyto thebinarysearchtree.A �
����� for a set � of
objectsis definedasfollows: Eachnode � in �
����� rep-
resentsa non–emptyaxis–alignedbox (cell) ��� . Thecell
associatedwith theroot of thetreeis theboundingbox of
all objectsfrom � . Eachinterior node � of �
����� is as-
signeda cuttingplane ��� , thatdivides ��� into two cells.
Let ���� be the positive halfspaceand ���� the negative
halfspaceboundedby ��� . The cells associatedwith the
left andtheright childrenof � are ����� ���� and ����� �!�� ,
respectively. The left subtreeof � is a �
����� for the set
of objects �"��$#&%(' �)�!��+*#-,/. '10 � �32 , the right sub-
treeis definedsimilarly. Eachleafnode4 containsa list of
objects�65 that intersect�75 . The leavesof the ������� are
eitheroccupiedby objectsor vacant. A two dimensional
exampleof �
����� is depictedin Fig. 1.

Thefact that thecuttingplanesof �
����� areorthogo-
nalsignificantlysimplifiesthecomputationof rayshooting
queries.

A �
����� is constructedhierarchically. At the current
leaf 4 a cutting planeis selectedthat subdivides 8�5 into
two boxes.A leaf thenbecomesaninterior nodewith two
new leaves. The objects � 5 are distributed into the new
descendantsof 4 . Theprocessis repeatedrecursively until
certainterminationcriteriaarereached.

1Rectilinear9�:/;=< sarealsocalled >(? -trees[Berg97].



Figure1: A two dimensionalexampleof ������� .

An important featureof the rectilinear ������� is its
adaptability to the scenegeometry, that can be signifi-
cantly influencedby positioningof thecuttingplane.Tra-
ditionally, a cutting planeis positionedin the mid–point
of the chosenaxis, and the order of axes is regularly
changed[Kapla85]. In thefollowing text werecallamore
elaborateapproachfor constructing�
����� using a sur-
faceareaheuristics.

2.1 Surface Area Heuristics

The surface area heuristics for constructionof BSPtrees
wasintroducedin [MacDo90a]. Sincethis approachis es-
sentialfor our novel techniquewe describethemethodin
moredetail.Relatedwork concerningsurfaceareaheuris-
tics in computergraphicsincludesthework of Weghorstet
al for selectionof boundingvolumes[Wegho84] andIones
for collision detection[Iones98].

Usingsurfaceareaheuristicsthepositionof thecutting
planeis determinedby minimising a cost function. The
cost function accountsfor the probability @ � � . A � that a
ray hits an object lying inside a certainvolume once it
passesthroughthatvolume(seeFig. 2.1).

Figure2: Geometryinvolvedin determinationof theprob-
ability @ � � . A � .

Supposethat both object � andvolume A areconvex
boxes. Then the conditionalprobability @ � � . A � can be
expressedasa ratio of thesurfaceareaof theobject � to
thesurfaceareaof thevolume A (see[Arvo89a]):

@ � � . A � # � � � �� � A � (1)

# BDC ��EGF C H F�IJEGF C K F�I H F C K FL�BMC �NEPO C H OQIJEGO C K ORI H O C K O��
Let us assumethe situation at the beginning of the�
����� construction. The root nodecontains

�
objects.

All of themwould have to be testedfor intersectionwith
a ray passingthroughthescene.Assumethattheintersec-
tion testfor S –th objecttakescomputationaltime �6T . The
costfor suchnodeis expressedas:

U # VW TYX[Z �6T (2)

The further subdivision decreasesthe numberof inter-
sectiontests,but increasesthe numberof interior nodes
(seeFigure3).

Figure3: New costsafteronecutting.

The nodeon the left side in Fig. 3 hasbeenreplaced
by a treeshown on theright sideof thefigure. Theorigi-
nal cost

U
haschangedto

U V]\_^ givenasthesumof three
terms-

Ua`
,
Uab

, and
Uac

.
Ua`

is thecostof traversingthe
parentnodeandit doesnot incorporateany ray–objectin-
tersectiontests. Costsfor left andright child nodes,

Uab
and

Uac
, dependon the conditionalprobability that a ray

hits the nodeL or R onceit visits the parentnodeP. As-
sumingboth childrenwill not be further subdivided, the
new cost

U V]\_^ is givenasfollows:U V]\d^ # U ` IeU b IeU c
(3)

# � ` I @ b C
V]fWg X[Z � g I @ c C

V]hWi X[Z � i I �6j
@ b # � �kUab��� �lU � @ c # � �lULc��� �kU � (4)

, where



� gnm � i is the time for intersectiontestwith o -th
and p -th objectrespectively� j is thetimeof traversalstep� ` is thetimeof decisionstepin interiornode@ b m @ c is the probability that a ray will intersect
theleft andright sub–cellrespectively� b m � c is a surfaceareaof left sub–cellandright
sub–cellrespectively� is thesurfaceareaof thenodeto besubdi-
vided� b m � c is the numberof objectsintersectingthe
left andright sub–cellrespectively

Note, that the Eq. 3 representsthe casewhen the ray
visits bothleft andright sub–cells.

The goal is to build a ������� with minimisedglobal
cost. Thecostfunction is evaluatedfor all possibleposi-
tionsof splittingplanein all threeaxesthatareinducesby
the boundariesof axesalignedboxesof all objects. We
focuson a greedyheuristicsthatminimisesthecostfunc-
tion by selectingthe cuttingplanewhich resultsin a new
minimumcost.

3 RAY SHOOTING FOR PRE-
FERRED SETS OF RAYS

In theprevioussectionwehavedescribedtheconstruction
of �
����� using surfaceareaheuristics. The main idea
of this paperconcernsa modificationof the surfacearea
heuristicsin orderto decreasethevisibility querytime for
certainpreferredsetof rays.

The surfaceareaheuristicsis basedon the assumption
thatraysaredistributeduniformly in ray space.We break
thisassumptionandchangetheabovepresentedequations
to consideronly certainray set.

In thefollowing text we focuson threetypesof ray sets
thatcorrespondto parallel,perspective,andsphericalpro-
jection.

3.1 Parallel Projection

Probablythemostintuitive setof raysis formedby fixing
theirdirection.Theraysof thesamedirectionareinvolved
in theparallelprojectionof thescene[Watt92].

In sucha caseraysareperpendicularto the projection
plane. Let ussupposethat the distribution of rayson the
projectionplaneis uniform. Further, we canrestrict the
preferredsetof raysto certainviewport. The probability
thatarayhitsthebox � representinganodeof �
����� can
then be expressedusing a surfaceareaof the projection
of thebox � clippedto theviewport. Thecorresponding
geometryis depictedin Fig 4.

Let viewport q c be a rectangularwindow on the pro-
jectionplane � ` . Let r ` O c	s h bethesetof raysperpen-
dicularto � ` andintersectingthe q c .

Figure4: Parallelprojectionof box �
Thesilhouetteedgesof � projectedontothe � ` form a

convex polygon �[t � � � . Optionally, wecandefine�=t � � �
asa convex hull of all the verticesof � projectedto � ` .
To determinethepolygon � uv4 � � � # q c �Q�[t � � � lying
on � ` a clippingalgorithmmustbeapplied[Watt92]. Let� A ` O c � � � be the surfaceareaof the polygon � uv4 � � �
and let ��w t be the boundingbox containingthe whole
scene.Similarly to Eq. 1 we canexpressthe probability,
that a ray from r ` O c s h hits the box � onceit passes
through��w t asfollows:

@ � � � # � A ` O c � � �� A ` O c � ��w t � (5)

TheEq. 5 canbeusedto replacedirectly the Eq. 4 for
bothleft andright sub–cells.

3.2 Perspective Projection

We form anotherpreferredray setby fixing the origin of
rays. Similarly asbeforewe focusonly on rayspassing
throughcertainviewport. The origin (viewpoint) andthe
viewportdefinea viewing frustum(seeFig. 5). Assuming
raysareuniformly distributedon theviewport, the corre-
spondingray set r `�x[c	s containsrays involved in the
commonlyusedperspectiveprojection.

We computetheprojectedarea� A `�x[c � � � of thebox� clippedto theviewing frustum. Again, theconditional
probability, thataray from r `	x	c s hits thebox � onceit
passesthrough��w t canbeexpressedas:

@ � � � # � A `	x	c � � �� A `�x	c � ��w t � (6)

Theclipping mentionedpreviously mustbeappliedfor
eachevaluationof theestimatedcost. Hencethespeedof
theclipping is crucial for theconstructionprocess.In the
following text, we outline the algorithmsof clipping and
computingthesurfaceareaof theprojectedpolygon.



Figure5: Theperspectiveprojectionof box � .

Viewing Frustum Clipping

A generalalgorithmdeterminingsurfaceareaof the pro-
jection of a rectilinear box can be outlined as follows:
Projectall the verticesof the boundingbox to the pro-
jectionplaneandconstructa convex hull of theprojected
vertices. This convex hull correspondsto a certainpoly-
gon. Thenclip the polygonwith respectto the viewport
andcomputeits surfacearea.

Obviously, the projectionof all the eight verticesand
constructionof theconvex hull of therectilinearbox for a
specificviewpoint y ` is useless.We needconstructonly
theprojectionof thesilhouetteof thebox. In sucha case
themaximumnumberof projectedpointsis six, themini-
mumis four. Accordingto themutualpositionof theview-
point andthe box we canidentify twenty–seven regions,
for which theprojectedbox hasthesamesequenceof sil-
houetteedges. Theseregionsare inducedby six planes
boundingthe box. Given a viewpoint the corresponding
sequenceof silhouetteedgescanbe determinedby table
lookup.

The sequenceof silhouetteedgesis clipped in object
spaceby Sutherland–Hodgmanalgorithm[Watt92] using
thefour planesthatboundtheviewing frustum.Theclip-
ping forms a sequenceof connectededgeswith at most
ten vertices. The verticesareprojectedto the projection
planeforming a convex polygon.Finally, thesurfacearea
of the polygonis computed.A specialcaseoccurswhen
theviewpointliesinsidethebox. Naturally, everyrayorig-
inating at the viewpoint mustintersectthe box. Thusthe
conditionalprobabilityusedin Eq.6 equals1.0.

3.3 Spherical Projection

Anotherinterestingsetof raysis inducedby thoseinvolved
in thespherical projection. Aswith theperspectiveprojec-
tion theorigin of raysis fixed.Nevertheless,in thespheri-
cal projectiondirectionsof raysareuniformly distributed.

A datastructurebuilt accordingto suchassetof rays
couldbe usedto accelerateshadow–rayvisibility queries
for point light sources. Note, that in this caseclipping
phasecanbeomitted.

Assumingthedistribution of raysis uniform thetaskis
to computeasolidangleinducedby thefrustumenclosing
a givenbox. This taskis similar to thecomputationof the
point-to-polygonform factor[Glass95]. Nevertheless,in
this caseit involvesdeterminationof anareaboundedby
Jordan’s curve on a unit sphere.The solid angleinduces
by a given box canbe computedas the sumof all solid
anglesfor visible facesfrom a given viewpoint. The
solid angle z of a rectanglewith length { and width |
positionedwith onecornerat theorigin andperpendicular
to K –axis can be computedin the following way (see
Fig. 6):

4 #~} EG�LI H ��I��G����3�D� # � 4
| A�# | E C | H

|�z # | A C �����D�4 �
|�z # � C | E C | H} ��E � I H � I�� � ���

Solidangleis thencomputedby integration:

z�� '����6#����� X6� �e�� X�� � C | E C | H} ��EG�LI H �LIe�/��� � (7)

Solving this integral with the substitution� # ��
and� # ��

resultsin:

z�� '�����#��n� ��� �n� { C |� C¡  �G��I { �aI | � (8)

Thecomputationof solidanglefor a rectanglewith one
cornernot positionedin the origin is computedby more
generalsolutionof theequationabove.

It is obviousthat for a viewpoint locatedinsidea given
box thecorrespondingsolidangleis z #�¢ C £ .



Figure6: Computationof sphericalprojectionfor rectan-
gle

4 IMPLEMENTATION AND EX-
PERIMENTAL RESULTS

We have implementedtheconstructionof �
����� swithin
the GOLEM renderingsystem. In our experimentswe
usedthreeSPDscenes[Haine87a] andonedepictingthe
simulationof a liquid flow. Thesearedepictedin Fig. 10.
We have evaluatedthe �
����� constructionfor preferred
ray setsinducedby theparallel(PAR), perspective(PER),
andspherical(SPH)projections.Theordinarysurfacearea
heuristics(SAH) wasusedasa reference.Table1 gives
basicdescriptionof thescenes.

Scene fluid lattice rings tree

#objects 2515 8281 8401 8191
#spheres 2514 2197 4200 4095
#polygons 1 - 1 1
#cones - - - 4095
#cylinders - 6084 4200 -

Table1: Testingscenes

The sceneswere renderedin ¤M¥�¦¨§©¤M¥�¦ resolution.
The maximumdepthof ray–tracingrecursionwasset to
1 to test the preferredray setsonly. All �
����� s were
constructedwith following termination criteria: maxi-
mum depthwas16 andthe numberof objectsfor a node
to becomea leaf was 2. A hierarchicaltraversalalgo-
rithm [Havra98b] for �
����� wasused. Numberof rays
castfor eachtestwas ¤M¥�¦�§ª¤M¥�¦ # Bn« ¦D¥ «3¬ .Table 2 shows the resultsfor �
����� constructedfor
parallelprojectionwith no clipping performed.Thenum-
ber of ray object intersectiontestsfor parallelprojection
is decreasedby 16 % andthenumberof traversalstepsby
24 % on average.

Table3 shows theresultsfor �
����� s obtainedfor per-
spective projectionusingviewing frustumclipping in ob-

Scene fluid lattice rings tree
ScnCov[%] 100 99.24 100 64.6
viewplane -0.40 0.0 0.0 -0.99
normal= -0.50 -0.71 1.0 -0.09­®°¯P±_²M±´³vµ

-0.86 -0.71 0.0 -0.11
# leavesof ¶�·�¸a¹

SAH 1532 15722 11845 2750
PAR 1803 14611 12947 3156

# intersectiontestsperray
SAH 8.15 47.3 8.12 5.63
PAR 6.13 37.7 7.97 4.55

# traversalstepsperray
SAH 18.7 71.0 31.2 19.4
PAR 18.1 30.1 26.1 15.3

Table2: ������� for parallelprojection

Scene fluid lattice rings tree
ScnCov[%] 100 99.3 100 64.6

# leavesof ¶�·�¸a¹
SAH 1532 15722 11845 2750
PER 3132 13247 16322 3992

# intersectiontestsperray
SAH 8.79 11.9 11.1 10.1
PER 5.32 9.13 9.15 6.39

# traversalstepsperray
SAH 19.6 44.9 40.9 23.1
PER 18.4 29.7 38.1 19.0

Table3: �
����� for perspectiveprojection

ject space. The numberof intersectiontestsfor �
�����
decreasedby 29 % andthe numberof traversalstepsby
16 % onaverage.

Scene fluid lattice rings tree
ScnCov[%] 74.4 99.3 96.3 64.2

# leavesof ¶�·�¸a¹
SAH 1532 15722 11845 2750
SPH 2236 12827 13735 3231

# intersectiontestsperray
SAH 8.72 11.8 11.1 9.92
SPH 6.59 10.8 8.38 6.61

# traversalstepsperray
SAH 19.4 44.8 40.3 22.5
SPH 18.4 33.7 38.1 14.4

Table4: ������� for sphericalprojection

The resultsfor sphericalprojectionarevery similar to
perspectiveprojection(seeTable4).

Thepreprocessingtimesfor constructing�
����� s with
SAH andPERdo not differ significantly. It is dueto the
fact that theclipping algorithmis performedin incremen-
tal way, that utilisesthe coherenceof clipping for subse-
quentcutting planesalong the testedaxis. The prepro-
cessingtimesfor SAH andPAR withoutclippingarequite



comparable,sinceparallelprojectioncorrespondsto mul-
tiplying the surfaceareaof box faceswith elementsof
the projectionvectordefiningpreferredsetof rays. The
overheadof preprocessingtime for the SPHwith regard
to SAH is alsovery small whensomeapproximationfor�]� ��� �]� functionis used[Capel91].

4.1 Impact on Traversal Algorithms

We have experimentedwith two different traversal al-
gorithms for �
����� s. The first one [Havra98b] is
basedon the hierarchicaltraversal algorithm presented
in [Sung92]. The secondone usesa rope technique for
BSPtrees[Havra98a] that eliminatestraversalof interior
nodesof the tree. We have observed that the proposed
modificationshave similar impacton both traversalalgo-
rithms.

4.2 Parallel Projection in Close–Up

We haveexperimentedwith thesensitivity of construction
of �
����� to the direction of ray shootingqueries. We
usedscenetree with the following initial projectionset-
tings; ��S_º�»�@Gu(S �6¼ # � ¢ C ¤ m¾½/m ¥ C ¤ � , 4kuvunpM¿ ¼ # � ½/m¾½Dm ¥ C ¤ � ,��@/�Àº({ ¼ u �Á# � ½Dm¾½/m ¥ � . This correspondsto the normalof
the projectionplane ÂÃ # � ¥ m¾½DmÄ½ � and ¿ K S´ÅÆ� ¼�� # ½3Ç .
In themeasurementstheobserver movedaroundthetree.
That is, 4kuvunpM¿ ¼ and �3@G��º({ ¼ u � remainedconstantandboth��S_º�»�@Gu(S �6¼ and ÂÃ havechangedaccordingto the ¿ K S´ÅQ� ¼��in theinterval È ½ CYC ¬ ½�É ( ¿ K S´ÅÆ� ¼�� # ¬ ½�Ç correspondsto��S_º�»�@Gu(S �6¼ # � ½Dm ¢ C ¤ m ¥ C ¤ � and ÂÃ # � ½Dm ¥ m¾½ � ).

First, we comparedthe �
����� s built usingSAH and
PAR. The �
����� for PAR was constructedfor the par-
allel projectioncorrespondingto the azimuth( ÂÃ ). The
Fig. 7(a)showstherenderingtime includingshading.The
Fig. 7(b) depicts the numberof ray object intersection
tests. The Fig. 8(a) shows the numberof traversalsteps
per ray. The curvesfor PAR on figuresarereferencedas
PAR-A.

Second,we testedthesensitivity of ������� constructed
for a fixed ¿ K S´ÅÆ� ¼�� # ½ C ¤ Ç for renderingwith otheraz-
imuth anglesaswell. Fig 8(b) shows therenderingtimes
for views specifiedby changingazimuth. The curve is
referencedasPAR-B. We canobserve that the efficiency
of ray shootingwith �
����� constructedwith � A 8 is re-
strictedto angulardivergenceof 40Ç from theoneusedfor
construction.Thedifferencebetween�
����� constructed
usingSAH andPAR is illustratedin Fig. 9.

4.3 Discussion

We madeobservation, that ������� constructedfor PAR
with normal ÂÃ # � ¿ mÄÊvm { � m . ¿ ."#Ë. Ê .L#Ì. { . corresponds
to �
����� constructedfor SAH. Thereare 8 vectorson
a unit spherewith theseproperties.Hence, �
����� con-
structedfor PAR with othervectorsthan these8 vectors
canbepotentiallyimproved.Theefficiency improvements

are rathersignificant,both the numberintersectiontests
andtraversalstepsarereducedby morethanonehalf for
testedscenetree. Thetreeconstructedfor parallelprojec-
tion for ÂÃ # � ¥ mÄ½DmÄ½ � degenerates,becauseoneprincipal
axis is not taken into accountat all. It is the reasonwhy
we selectedfor Fig. 8(b) asthereferencethe ������� con-
structedfor ¿ K S´ÅQ� ¼�� # ½ C ¤ Ç .There is a little problem with comparison of�
����� s [Havra97a]. Although the terminationcriteria
werethe same,SAH, PAR, PER,andSPHmethodscon-
structed ������� with different numberof leaves. This
makesmoredifficult to comparetheirperformances.Nev-
ertheless,weverifiedthattheachievedsignificantspeedup
for parallelprojectioncannotbe obtainedby SAH using
otherterminationcriteriasettings.

The secondpotentialproblemariseswith the clipping
of theprojectedbox,whenthebuilt up ������� is usedfor
rays outsidethe viewing frustum. Sincethe probability
usingEq. 5 is zero,the constructed�
����� candegener-
ate and query time as well. Thereare two solutionsto
this problem. The first onedetectsthe situationandthen
useSAH for any nodesof �
����� that are at leastpar-
tially outsidethe viewing frustum. Theneven the nodes
on the boundaryof viewing frustum will be constructed
usingSAH. The secondsolutionis simpler; the perspec-
tive projectionis replacedby sphericalprojection,since
thedistribution of raysarevery similar andno clipping is
performed.We verified that the speedupof ray shooting
for perspectiveprojectionwith �
����� built up for spheri-
cal projectionis almostthesame.

5 CONCLUSION AND FUTURE
WORK

In this paperwe have shown that it is possibleto improve
theefficiency of rectilinear �
����� sby preferringa given
setof raysusingmodifiedsurfaceareaheuristics.If theray
setis inducedby perspectiveor sphericalprojection,both
the numberof intersectiontestsandnumberof traversal
stepsaredecreased.Thetimeof ray shootingis decreased
by 20 % on averagein practicalapplicationandis scene
dependent.

The reductionof time complexity obtainedfor set of
rays inducedby parallelprojectioncanbe quite remark-
ableandcanreachonehalf approximately. Theefficiency
improvementdependson thesceneandthesettingof pre-
ferreddirection.

The techniquedevelopedis applicableto ray casting
for CSG primitives and implicit surfaces, that cannot
be efficiently rendered using image space rendering
techniques.It canbeusedfor primaryraysonly, whenthe
observer doesnot move. In the casethe observer moves
only slightly, then for the computationof primary rays
for severalsubsequentimagescanbeperformedusingthe
same�
����� .
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Figure7: (a)Renderingtimesincludingshadingfor SAH andPAR-A (b) Numberof intersectiontestsperray
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Figure8: (a)Numberof traversalstepsperray (b) Renderingtimesincludingshadingfor SAH andPAR-B

We are going to implement ray tracing with multi-
ple �
����� s constructedfor parallel projections. For a
given ray we will selectthe mostadvantageousinstance
of �
����� . Further, we would like to improve the per-
formanceof ������� s by consideringa blocking factor.
Mostly, sub–cellsof a nodehave the overlapin the pro-
jection, that shouldbe taken into accountin construction
of ������� s.

References

[Arvo89a] Arvo, J.,Kirk, D.: A survey of ray tracingac-
celerationtechniques,In An Introduction to ray tracing,
pp.201–262,AcademicPress,1989.

[Berg97] deBerg,M., etal:Computational Geometry: Al-
gorithms and Applications, Springer–Verlag,1997.

[Capel91] Capelli, R: Fast approximationto the arctan-
gent,in Graphics Gems II, pp.389–391,1991.

[Fuchs80] Fuchs,H., Kedem,M.Z. Naylor, B.: On Vis-
ible SurfaceGenerationby A Priori Tree Structures,
Proceedings of SIGGRAPH’80, pp.124–133,1980.

[Glass89] Glassner, A., S.:An Introduction to Ray Trac-
ing, AcademicPress,London,1989.

[Glass95] Glassner, A. S.:Principles of Digital Image
Synthesis, MorganKaufmann,SanFrancisco,1995.

[Haine87a] Haines,E.: A proposalfor standardgraphics
environments,In IEEE Computer Graphics and Appli-
cations, Vol. 7, No. 11,pp.3–5,1987.
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Figure10: Testscenes:(a) fluid, (b) lattice,(c) rings,(d) tree


